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1 Flux of the Vector Field Through a Conical Sur-
face
We are tasked with computing the upward flux of the vector field V(z,y, z) =

(x,y,2z) through the surface S, which is the portion of the cone z =
V22 + y? lying in the region 1 < 2z < 2.



1.1

Understanding the Surface S
**Equation of the Cone:** z = y/22 + y?2 or equivalently z? = 22 4 32.
**Bounds:** The region of interest lies between z = 1 and z = 2.

**Intersection with Planes:** At z = 1, the cone intersects the plane
z=1at 2? +y? = 1. At z = 2, it intersects at 2% 4+ y? = 4.



1.2 Parametrization of the Surface S

We will use cylindrical coordinates to parametrize the surface S.

Cylindrical Coordinates Overview
In cylindrical coordinates (r, 6, z):
xr=rcost, y=rsinh, z=2z
where:
e 1 >0 is the radial distance,
e 0 <60 < 27 is the azimuthal angle,

e z is the height.
Parametrization
Given the cone z = r, the surface S can be parametrized as:
r(r,0) = (rcos@, rsind, r)

with the bounds:
1<r<2, 0<0<2m



1.3 Computing the Tangent Vectors

To find the flux, we need the upward-pointing normal vector. We obtain
this by computing the cross product of the tangent vectors.

Partial Derivative with respect to r:

_Or

=3 = (cos@, sind, 1)

ry

Partial Derivative with respect to 0:

or

o= o = (—rsiné, rcos@, 0)
Cross Product r, x ry:
i ik
r. xrg=/| cosf sinf 1| = (—rcos, —rsind, r)
—rsinf rcosf 0

This vector points upward as the z-component is positive.



1.4 Calculating the Flux
The flux ® of V through S is given by:

<I>://V-nd5’
s

where ndS =r, X rgdrdf = (—rcosf, —rsinf, r)drdf.
Dot Product V -n
Evaluate V at r(r,0):
V(z,y,2z) = (z,y,22z) = (rcosf, rsiné, 2r)
Dot product with n:
V-n=(rcosb, rsinf, 2r) - (—rcosf, —rsind, r)

= —r?cos? — r?sin? 0 + 2r? = r?(— cos® — sin? 6 + 2)
=7r2(=1+42) =12

Thus, the integrand simplifies to 2.

Setting Up the Integral

27 2
<1>:/ / r2 dr do
0 1

Evaluating the Integral

The flux integral becomes:

Integrate with respect to r:

2 3
9 r 8 1 7
d: _— —_——_— - = =
/1r ' [3}1 33 3

Integrate with respect to 6:



1.5 Final Answer

The upward flux of V = (z,y,2z) through the surface S is:




2 Link to second question

Supplementary material V9, example 1, on page 2.
https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/
b99f7b21fccbeb19c0839995574b4da8_surface_integrls.pdf


https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/b99f7b21fccbe519c0839995574b4da8_surface_integrls.pdf
https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/b99f7b21fccbe519c0839995574b4da8_surface_integrls.pdf

3 Link to third question

Supplementary material V9, example 2, on page 3.
https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/
b99f7b21fccbeb19c0839995574b4da8_surface_integrls.pdf


https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/b99f7b21fccbe519c0839995574b4da8_surface_integrls.pdf
https://ocw.mit.edu/courses/18-02-multivariable-calculus-fall-2007/b99f7b21fccbe519c0839995574b4da8_surface_integrls.pdf

4 Flux of the Vector Field Through a Cylindrical
Surface

We are tasked with computing the outward flux of the vector field
V(‘T’ Y, Z) = <$322 + y2Z, x2yz2 — XYz, .’EZ4 - y5>

through the surface S, which is the portion of the cylinder 22 +y? = 1 in
the first octant (z,y,z > 0) that lies below z = 1.
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4.1

Understanding the Surface S
**Equation of the Cylinder:** 22 + 42 =1

**Bounds:**
0<z<1

**Octant Restriction:** z,y, z > 0 implies:

0<o< (in cylindrical coordinates)

|y
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4.2 Parametrization of the Surface S

We will use cylindrical coordinates (r, 6, z) to parametrize the surface S.

Cylindrical Coordinates Overview
In cylindrical coordinates:
xr=rcost, y=rsinh, z=2z
where:
e 1 >0 is the radial distance,
« 0<0 < 7 (first octant),

e <2< 1.

Parametrization

Since the cylinder #2432 = 1 corresponds to 7 = 1 in cylindrical coordinates,
the parametrization of S is:

r(6,z) = (cosb, sinb, z)

with:

0<0< 0<z<1

T
2 )
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4.3 Computing the Tangent Vectors

To compute the flux, we need the outward-pointing unit normal vector. We
obtain this by computing the cross product of the tangent vectors.
Partial Derivative with respect to 6:

rg = g:; = (—sinf, cos@, 0)

Partial Derivative with respect to z:

or
:=2-=140,01
7 oz < )
Cross Product ry x r,:
i ik
roxr, = |—sinf cosf 0| =1i(cos@-1—0-0)—j(—sinf-1—0-0)+k(— sinh-0—cos6-0)
0 0 1

=cosfi+sinfj+ 0k = (cosf, sinf, 0)

This vector points outward from the cylinder.
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4.4 Calculating the Flux
The outward flux ® of V through S is given by:

CD://V-ndS
s

where ndS =ry x r, df dz = (cosf, sinf, 0)db dz.

Expressing V in Cylindrical Coordinates

At a point on S, x = cosf, y = sinf, and z = z. Thus, the vector field V
becomes:

V(z,y,2) = {(cos )32 4(sin0)?z, (cos0)?sin §2%—cos O sin Oz, cos Hz* —(sin §)°)

Dot Product V - n
Compute V - n:
V-n = ((cos0)32%4+(sin 0)2z, (cosf)?sin Hz?—cos O sin bz, cos Bz* —(sin §)°)-(cos b, siné, 0)
= ((cos 0)32% 4 (sin «9)22') cos 6+ ((cos 6)? sin 622 — cos 6 sin 0z) sin 6+ (cos 6z* — (sin 9)5) 0
= (cos? 022 + cos O sin® 0z) + (cos? @sin? 022 — cos fsin® fz) + 0
= cos’ 022 + cos fsin” Oz + cos® fsin? 022 — cos O sin” Oz
= cos® 022 + cos? fsin? 02°
= (cos™ 0 + cos® fsin ) 2>
= cos® f(cos® § + sin? §) 22

=cos20-1-2%=cos®0z>

Setting Up the Integral

The flux integral becomes:

T
o = /2 / cos? 022 dz db
0 0
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Evaluating the Integral

1. **Integrate with respect to z:**
1 3 1
/ 22dz = =2

™ 1 1 ™
<I>:/2cos29-d9:/2cos29d0
0 3 3 Jo

2. **Integrate with respect to 6:**
Recall the identity:

Thus,

1+ cos(20)

2
0 =
COS 5

Thus,

Jus

2 1+ cos(26 1 (32 1 (2
/2(:0529d9:/2 *C%()de:/Q 1d9+/2008(20)d9
0 0 2 2 0 2 0

2 2| 2 |,
1 1
:§(g—0>+z(sinw—sin0):%+ozg
Thus,
1 =« U
(bzf _ = —
371712
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4.5 Final Answer

The outward flux of the vector field V = (2322 +322, 22y2? —zyz, x4 —yP)
through the surface S is:
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