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1 Solution

1.1 (a)

We are given the vector field F(z,y) = (x, —y) on the zy-plane. We are to
sketch this vector field and, on the same picture, draw the oriented path C
from (—1,0) to (0, —1) given by the unit circle in the quadrant where x < 0
and y < 0.

To sketch the vector field F(z,y) = (x, —y):

- At any point (x,y), the vector points in the direction (z,—y). - For
example: - At (1,0), F = (1,0), pointing right. - At (0,1), F = (0,—-1),
pointing downward. - At (—1,0), F = (—1,0), pointing left. - At (0,—1),
F = (0, 1), pointing upward.

The path C is the quarter-circle from (—1,0) to (0,—1) along the unit
circle in the third quadrant (z < 0, y < 0). The path is oriented from
(—1,0) to (0,—1) in the clockwise direction.



1.2 (b)
Using the picture as a guide, we can estimate whether the line integral
x dxr — y dy is positive, negative, or zero.

¢ Along the path C:

- Both z and y are negative. - The vector field F = (x, —y) evaluated
along C' has: - z-component negative (since z < 0). - y-component positive
(since —y > 0 when y < 0).

The tangent vector to the path C' is:

- Oriented clockwise from (—1,0) to (0, —1). - At each point, the tangent
vector points in the direction of motion along C.

Since the vector field F and the tangent vector to C' are generally point-
ing in opposite directions (the xz-components are both negative, but the
y-components are opposite in sign), their dot product will be negative.

Therefore, we can expect that the line integral | x dz—y dy is negative.
C



1.3 Corrected Calculation for Part (c)
Re-parametrize C' to match the orientation from (—1,0) to (0, —1) (clock-

wise):
Let 6 go from 7 to 37” decreasing;:

0=mn—t, tel0,7]

Then:

x = cos(f) = cos(m —t) = —cost, y=sin(f) =sin(r —t) =sint
Compute dx and dy:
dr =sintdt, dy = costdt

Compute the integral:

us

2
/xdm—ydy:/ (—cost-sintdt—sint-costdt):—2/ costsintdt
c t=0 0

jus
2

Simplify using costsint = % sin 2t:

J

=1(cosm—cos0)=1(-1-1)=-1

NE]
Sl

-2 x sin 2t dt = —/ sin 2t dt
0

N[ =

Integrate:

SR

— (—% Cos 2t) ‘

Thus, the value of the integral is , consistent with the result from
part (d).



1.4 (d)

We are to find a function f(z,y) such that Vf = (x, —y).
Compute f(z,y):

- Since —— = x, integrate with respect to x:

ox
flz,y) = /:vd:c +9(y) = 32" + g(y)

- Differentiate f with respect to y:

of _
Given that g = —y, we have:
Ay

Jy)=-y = gly)=—3°+C

Thus, the function is:
fla,y) = 32 — 39" + C

Using the fundamental theorem of line integrals:

/dex—ydyzf«o,—m—f<<—1,0>>

Compute f(0,—1):

Therefore:

/C:I:dx —ydy = f(0,-1) = f(-1,0) = (=3) — (3) = -1



2 Solution

2.1 (a)

We are asked to calculate the line integral:

/F-dr
c

where F = (z +y)i+ (xy)j, and C is the broken line running from (0, 0)
to (2,2) to (0,2).



2.1.1 Parameterization of the Path C

The path C consists of two segments:

1. Segment Cy: from (0,0) to (2,2).

2. Segment Cs: from (2,2) to (0,2).

Segment C;: We can parametrize C as:

T =t,
=t,
te€0,2]

Compute dr:

dr = (dz,dy) = (dt,dt).
Compute F - dr:

F-dr=[(z +y),2y] - (dv,dy) = (x + y)dz + vydy.

Since © = y = t, we have:

r+y=1+1t=2t,

zy=t-t=t,
dx = dt,
dy = dt.

Therefore,

F - dr = (2t)(dt) + (t)(dt) = [2t + t?]dLt.

Compute the integral over C:

2
/F'dr:/ 2t +¢%dt = [P+ 3]0 = (4+8) —0=12 4
Ch t=0
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Segment C5: We can parametrize C as:

r=2—t,
y=2,
te€[0,2].

Compute dr:

dr = (dz,dy) = (—dt,0).
Compute F - dr:

F-dr=[(z +y),2y] - (dv,dy) = (x + y)dz + vydy.
Since y = 2, x =2 — t, we have:

THy=02-t)+2=4—1
zy = (2—-1)(2) =4 —2t,
dx = —dt,
dy = 0.

Therefore,

F-dr=(4—-t)(—dt)+ (4—2t)(0) = —(4 — t)dt = (—4 + t)dt.
Compute the integral over C:
2 2
/ F-dr:/ (44 t)dt = [t + 12)> = (-8+2) ~ 0 = 6.
Co t=0

Total Integral: Add the integrals over C; and Cs:

/F-dr:/ F.dr+/ Foar=2 _6=2_18_2
C C1 Ca



2.2 Answer:

[ o=
- dr = —
c 3



2.3 (b)

We are asked to calculate the line integral:

/(a:2—y)dx—|—2xdy
C

where C is the path from (—1,0) to (1,0) along the parabola y = 1 — 22
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2.3.1 Parametrization of the Path C

We can parametrize C' as:

T =1,
y:l_tQ’
te[-1,1].

Compute dx and dy:

de =dt, dy= —2tdt.
Compute the integrand:

(2% — y) dx + 2z dy.
Substitute z, y, dz, and dy:

oy =tP -1 -t =12 —14+t> =22 -1,

dx = dt,
2x = 2t,
dy = —2t dt.

Compute each term:

(2% —y)dx = (2t — 1)dt, 2xdy=2t-(—2tdt) = —4tdt.
Add the terms:

(2% — y)da + 2z dy = (2t* — 1)dt — 4t3dt = (—2t* — 1)dt.
Simplify:

(=212 — 1)dt = —(2t> + 1)dt.
Compute the integral:

/tl_l @+ Ddt == [3 + 41, = = ((F0° +1) - G0+ (<))

Compute the values:

Att=1:
Att=-1:
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Subtract:

Therefore,
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2.4 Answer:
10

/(mQ—y)dx—i—Zrdy:—
c 3
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3 Solution

3.1 Part 1: Finding the Gradient Vector Field F = V f(x,y)

Given the function:
f(z,y) = sin(z) cos(y)

Compute the partial derivatives with respect to x and y:

% = cos(z) cos(y)
gz = —sin(z) sin(y)

Therefore, the gradient vector field is:

F =V f(x,y) = (cos(z) cos(y), —sin(x)sin(y))

14



3.2 Part 2: Maximizing the Line Integral / F-dr
c

Since F is the gradient of f, the line integral over a path C from point A to
point B is given by the fundamental theorem of line integrals:

/F-dr=f<B>—f<A>
C

To find the maximum possible value of the line integral as C ranges
over all possible paths in the plane, we need to maximize the difference

f(B) = f(A).

15



3.2.1 Finding the Maximum and Minimum Values of f(z,y)

The function f(x,y) = sin(x)cos(y) attains its maximum and minimum
values based on the ranges of the sine and cosine functions:

sin(z) € [—1,1]
cos(y) € [—1,1]
Therefore, the maximum and minimum values of f(z,y) are:
fmax = sSIN(Zmax) €08(Ymax) = (1)(1) =1
frmin = sSin(Zmin) €08(Ymin) = (—1)(—=1) =1

Wait, this suggests that both the maximum and minimum values are 1,
which is incorrect. Let’s reconsider.

Actually, the minimum value occurs when one of the functions is 1 and
the other is -1:

fmin = sIn(Zmin) €0S(Ymin) = (1)(=1) = =1 or (=1)(1)=-1
Therefore, the correct maximum and minimum values are:

fmax =1
fmin =-1

16



3.2.2 Calculating the Maximum Value of the Line Integral

The maximum possible value of the line integral is:

/CF-drzf(B)—ﬂA)gfmax—fmin=1—<—1)=2

Thus, the maximum possible value of the line integral is .

17



3.3 Conclusion

The gradient vector field is:

F =V f(z,y) = (cos(x) cos(y), —sin(z)sin(y))

The maximum possible value of the line integral / F - dr as C ranges
C
over all possible paths in the plane is:

/F-dr§2
c

Therefore, the maximum value is .
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