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We define the parallelogram coordinates (u,v) by the transformations
r=u+vand y=u—w.



1 Problem Solution

1. Sketch the unit square in (u,v)-coordinates on the zy-plane.

To map the unit square with vertices (0, 0), (1,0), (0,1),(1,1) in (u,v)-
coordinates onto the xy-plane, we calculate the coordinates of each
vertex under the transformations r = v +v and y = u — v:

e (u,v)=1(0,0): (x,y)=(0+0,0-0)=(0,0).
e (u,v)=(1,0): (x,y)=(140,1-0)=(1,1).
e (u,v)=(0,1): (z,9)=(0+1,0-1)=(1,-1).
e (u,v)=(1,1): (xr,y)=(14+1,1-1)=(2,0).

Therefore, the unit square in (u,v)-coordinates maps to a parallel-
ogram in (x,y)-coordinates with vertices at (0,0),(1,1),(1,—1), and
(2,0).

2. Evaluate dxdy in terms of dudv.

To find dz dy in terms of du dv, we compute the Jacobian determinant:

o(z,y) _ |5 %
(u,v) % |

TR R AR
Thus,
st |l L= wen - @ =-2
Therefore,
dx dy = ‘ggi: Z; dudv = 2 du dv.

3. Evaluate the integrals I, = [[,dA and I, = [[,(2* — y?)dA
using the change of variables.



Integral I,

Since P is the region in zy-coordinates with vertices (0, 0), (1,1), (1, 1), (2,0),
it corresponds to the unit square 0 < v < 1, 0 < v < 1 in (u,v)-
coordinates. Thus,

1,1 1,1
Il—// dA—/ / 2dudv—2/ / du dv.
P o Jo o Jo

Evaluating the inner integral with respect to u:

11 1 1
/ / dudv:/ [uly dv:/ ldv = [v]y = 1.
0o Jo 0 0

L =2-1=2.

So,

Integral I,

2

To evaluate I; = [[p(a? — y*) dA, we express z? — y? in terms of u

and v. Since x =u+v and y = u — v,

2 —y* = (u+v)* - (u—v)%
Expanding each term:

2 = u? — 2uv + v

(u+v)? =u®+2uv+v? and (u—v)
Therefore,

2? —y? = (u® + 2uv + v?) — (u? — 2uv +v?) = duv.

07
11 11
Igz//($2—y2)dA:/ / 4uv-2dudv:8/ / uv du dv.
P 0 JO 0 JO

Now, evaluate the inner integral with respect to u:

S

1 rl 11,271 1 1 211
/ / uv du dU == / |:u:| Ud’U = / 1’[} d’U e 1 / vdv — 1 |:'U:| — 1
0 Jo 0 2 0 0 2 2 Jo 2|2 0 2

Therefore,

N |



1.1 Conclusion

The values of the integrals are:

I

2

)
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2 Solution

We are asked to evaluate the integral:

I:// 22yt dA
R

where R is the region bounded by zy = 4, xy = 8, y = x, and y = 4. We
will use the transformation:

T = 2\/E, Yy = 2v/uv
v



2.1 Step 1: Change of Variables

First, we express u and v in terms of z and y to find the limits of integration
and compute the Jacobian determinant.
From the given transformation:

ry = (2\/9 (2v/uv) = 4u

Thus,
Ty
u=—
4

Also,
Y
v = =
x



2.2 Step 2: Determining the Region S in the uv-Plane

The region R in the xy-plane is bounded by:

l.ay=4 = u=
2.2y =8 = u=

T
.y=0o — v=—-=1
T

4
X

Therefore, in the uv-plane, the region S is defined by 1 < u < 2 and 1 <
v < 4.



2.3 Step 3: Computing the Jacobian Determinant

We compute the Jacobian determinant J(u,v) = ggx’ yi .
U, v
First, compute the partial derivatives:
%_QH VRl 1
ou v oY wl/2p1/2
oz 1/2 ul/2
o ( ) ( ) T2
Jy -1/2 v/
29 _9 /2. 2, —
oy (uv) 21} Ve
e =2(uv)" = U=in
Compute the determinant:
1 ul/?
1/2,1/2 .3/2
J(uyw) = | w2 g
ul/2 v1/2
1 ul/? w2 12
T\ w2tz 2 ) T\ T e
1 1 2
= — —|— _ = —
voov W



2.4 Step 4: Transforming the Integral
We substitute x, y, and dA into the integral:

d(u,v)

‘ du dv

Compute z2 and y*:

Thus,
$2y4 =1 (E) x 16u?v? = 64u’v
v

Including the Jacobian determinant:

9(z,y)
d(u,v)

(1323/4

2
= 64uPv x = = 128u°
v




2.5 Step 5: Evaluating the Integral

2 4
I = / / 128u? dv du
u=1 Jov=1

Since the integrand is independent of v, we can integrate with respect to v:

The integral becomes:

4
/ 128u® dv = 128u3(4 — 1) = 384u3
v=1

Now, integrate with respect to u:

2 472

1 1 1

I:/ 384u> du = 384 v = 384 —6—7 = 384 —5 = 96x15 = 1440
u=1 41, 4 4 4
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2.6 Conclusion

Therefore, the value of the integral is:

I =1440
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3 Solution

We are asked to find the area of the region in the plane defined by the
inequalities:

1 <xzy <3,

2 < a:y2 < 10,

xz > 0.
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3.1 Step 1: Choose an Appropriate Change of Variables

We notice that the inequalities involve 2y and 2y?. Let’s define new variables
to simplify the region:

u=uzxy, vV=41.
This substitution will help us transform the given region into a simpler one
in the uv-plane.
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3.2 Step 2: Express r and y in Terms of v and v

From the substitution:

14



3.3 Step 3: Compute the Jacobian Determinant

We need to compute the Jacobian determinant J(u, v) of the transformation:

d(u,v)
Compute the partial derivatives:
O 1 0xr_ u
ou v’ o v?’
oy oy
ou ’ ov
Compute the determinant:
1 _ v 1
= v v —
J(u,v) ‘ 0 1 ' =
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3.4 Step 4: Transform the Inequalities to the uv-Plane

Transform the inequalities using the substitution:
e 1 <xy=u<3.
e 2<zy?=uv <10.
e x>0 = 720

Since v = y and x = 7 > 0, we have:

>0 = u and v have the same sign.

SHES

Given 1 <u <3 (so u > 0), it follows that v > 0.
Thus, the inequalities become:

1<u <3,
2 <wuv <10,
v > 0.
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3.5 Step 5: Determine the Limits of Integration

For u between 1 and 3, v varies according to:
2
2<uw <10 = —<v< —.
u u

Therefore, the limits are:

17



3.6 Step 6: Set Up the Integral
The area A is given by:

A= / / dxdy = / /
Region Region

O(z,y)
O(u,v)

dudv:// 1aludv.
Region v
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3.7 Step 7: Evaluate the Integral

3 10 1
A= / / — dv du.
u=1Jo=2 "V

First, integrate with respect to v:

/uldv:ln E —In g =In EXE =In E =1Inb.
2 v U U U 2 2

So the integral simplifies to:

Compute the integral:

3
A:1n5/ du=1Inbx (3—1)=2In5.
u=1
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3.8 Conclusion

The area of the region is:
A =2In5.
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