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1 Solution
The acceleration vector of the ball is given by:

a(t) = 2i− 32k

The initial velocity vector of the ball is:

v(0) = 80j+ 80k

We are tasked with finding the velocity vector v(t), the position vector
r(t), and the speed of the ball when it hits the ground.

1.1 Part 1: Find v(t) (the velocity vector)

To find the velocity vector v(t), we integrate the acceleration vector a(t)
with respect to time t:

v(t) =

∫
a(t) dt =

∫
(2i− 32k) dt

v(t) = 2ti− 32tk+C

where C is the constant vector of integration.
Using the initial condition v(0) = 80j + 80k, we can solve for C. At

t = 0:
v(0) = C = 0i+ 80j+ 80k

Thus, the velocity vector is:

v(t) = 2ti+ 80j+ (80− 32t)k
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1.2 Part 2: Find r(t) (the position vector)

To find the position vector r(t), we integrate the velocity vector v(t):

r(t) =

∫
v(t) dt =

∫
(2ti+ 80j+ (80− 32t)k) dt

r(t) =
(
t2i

)
+ (80tj) +

(
80t− 16t2

)
k+D

where D is the constant vector of integration.
Using the initial condition that the ball starts at the origin, r(0) = 0,

we solve for D. At t = 0:
r(0) = D = 0

Thus, the position vector is:

r(t) = t2i+ 80tj+ (80t− 16t2)k
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1.3 Part 3: Find the speed when the ball hits the ground

The ball hits the ground when its z-coordinate (the k-component) is zero.
From the position vector r(t), the z-coordinate is:

z(t) = 80t− 16t2

Setting z(t) = 0 to find the time when the ball hits the ground:

80t− 16t2 = 0

t(80− 16t) = 0

t = 0 or t =
80

16
= 5

The ball hits the ground at t = 5 seconds. To find the speed at that
moment, we calculate the magnitude of the velocity vector v(t) at t = 5.

The velocity vector at t = 5 is:

v(5) = 2(5)i+80j+(80−32(5))k = 10i+80j+(80−160)k = 10i+80j−80k

The speed is the magnitude of the velocity vector:

Speed = |v(5)| =
√
102 + 802 + (−80)2 =

√
100 + 6400 + 6400 =

√
12900

Speed =
√
12900 ≈ 113.6 feet per second
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1.4 Conclusion

1. The velocity vector is:

v(t) = 2ti+ 80j+ (80− 32t)k

2. The position vector is:

r(t) = t2i+ 80tj+ (80t− 16t2)k

3. The speed of the ball when it hits the ground is approximately 113.6 feet per second.
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2 Solution
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2.1 Trajectory 1: r(t) = 〈t2, t3〉 for 0 ≤ t ≤ 2

To find the total distance traveled by the particle along the trajectory, we
compute the arc length of the curve given by r(t). The formula for arc length
is:

L =

∫ b

a
|v(t)| dt

where v(t) = dr(t)
dt is the velocity vector and |v(t)| is its magnitude.

First, calculate the velocity vector v(t):

v(t) =
d

dt
〈t2, t3〉 = 〈2t, 3t2〉

Now, find the magnitude of the velocity vector:

|v(t)| =
√

(2t)2 + (3t2)2 =
√

4t2 + 9t4

The total distance traveled by the particle is the arc length:

L =

∫ 2

0

√
4t2 + 9t4 dt

Factor the expression inside the square root:

L =

∫ 2

0
t
√
4 + 9t2 dt

To solve this, we use substitution. Let u = 4+9t2, so du = 18t dt. Then:

L =
1

18

∫ 40

4

√
u du =

1

18

[
2

3
u3/2

]40
4

L =
1

18
× 2

3

[
403/2 − 43/2

]
=

1

27

[
403/2 − 8

]
Thus, the total distance traveled by the particle along the trajectory is

approximately:
L ≈ 1

27
× (253.26− 8) ≈ 9.08 units

7



2.2 Trajectory 2: r(t) = 〈2 cos(3t), 2 sin(3t)〉 for 0 ≤ t ≤ 2π

Again, we compute the total distance traveled by the particle using the arc
length formula.

First, calculate the velocity vector v(t):

v(t) =
d

dt
〈2 cos(3t), 2 sin(3t)〉 = 〈−6 sin(3t), 6 cos(3t)〉

Now, find the magnitude of the velocity vector:

|v(t)| =
√

(−6 sin(3t))2 + (6 cos(3t))2 =

√
36 sin2(3t) + 36 cos2(3t) =

√
36(sin2(3t) + cos2(3t)) = 6

The magnitude of the velocity vector is constant, so the total distance
traveled is:

L =

∫ 2π

0
6 dt = 6× 2π = 12π units
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2.3 Comparison with the Length of the Curve on the xy-
Plane

The given trajectory r(t) = 〈2 cos(3t), 2 sin(3t)〉 represents a parameteriza-
tion of a circle with radius 2. The particle traces this circle three times as t
runs from 0 to 2π.

The circumference of a circle with radius 2 is:

Circumference = 2π × 2 = 4π units

Since the particle completes three full circles, the total length of the
curve is:

Length = 3× 4π = 12π units

This matches the total distance traveled by the particle, confirming that
the particle moves along a circular path with radius 2 and completes three
full revolutions.
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3 Solution

3.1 Part 1: Show that a particle moves at constant speed if
and only if its velocity vector and acceleration vector are
always perpendicular

Let r(t) be the position vector of a particle at time t, and let v(t) = dr(t)
dt

be its velocity vector and a(t) = dv(t)
dt be its acceleration vector.

Forward Direction: We assume that the particle moves at constant speed
and show that the velocity vector and acceleration vector are always per-
pendicular.

If the particle moves at constant speed, then the magnitude of the veloc-
ity vector |v(t)| is constant. Let v(t) = |v(t)|. Since the speed is constant,
we have:

d

dt
(v(t)) =

d

dt
(|v(t)|) = 0

Now, recall that the speed is the magnitude of the velocity vector:

v(t)2 = v(t) · v(t)

Differentiating both sides with respect to time, we obtain:
d

dt

(
v(t)2

)
=

d

dt
(v(t) · v(t))

0 = 2v(t) · a(t)
This implies:

v(t) · a(t) = 0

Thus, the velocity vector and acceleration vector are always perpendic-
ular when the particle moves at constant speed.

Reverse Direction: Now, assume that the velocity vector and accelera-
tion vector are always perpendicular, i.e., v(t) · a(t) = 0, and show that the
particle moves at constant speed.

Since v(t) · a(t) = 0, we have:
d

dt
(v(t) · v(t)) = 2v(t) · a(t) = 0

This implies that v(t) · v(t), which is the square of the speed v(t)2, is
constant. Therefore, the speed v(t) is constant.

Thus, a particle moves at constant speed if and only if its velocity vector
and acceleration vector are always perpendicular.
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3.2 Part 2: Suppose that the position vector and acceleration
vector are always proportional to each other; show that
r(t)× v(t) is a constant vector

Let the position vector r(t) and acceleration vector a(t) be proportional to
each other. This means there exists a scalar function λ(t) such that:

a(t) = λ(t)r(t)

We want to show that the vector r(t)× v(t) is constant.
First, recall that the acceleration vector a(t) is the derivative of the

velocity vector:

a(t) =
dv(t)

dt

To prove that r(t) × v(t) is constant, we differentiate r(t) × v(t) with
respect to time:

d

dt
(r(t)× v(t)) =

dr(t)

dt
× v(t) + r(t)× dv(t)

dt

= v(t)× v(t) + r(t)× a(t)

Since the cross product of any vector with itself is zero, the first term
vanishes:

v(t)× v(t) = 0

Using the assumption that a(t) = λ(t)r(t), the second term becomes:

r(t)× a(t) = r(t)× (λ(t)r(t)) = λ(t) (r(t)× r(t)) = 0

Thus:
d

dt
(r(t)× v(t)) = 0

This shows that r(t)× v(t) is a constant vector.
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