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Problem
Let a, b, c be distinct positive integers such that ab+ c = c2. Prove that (a− b)2 ≥ 4c.

External Link
https://aops.com/community/p37578110
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Solution
Note that the conclusion is equivalent to

(a− b)2 ≥ 4c ⇐⇒ (a+ b)2 ≥ 4c+ 4ab = 4c2 ⇐⇒ a+ b ≥ 2c.

We now solve the problem:

Claim. We have a+ b ≥ 2c.

Proof. Because of distinctness, we may as well assume WLOG that

a > c > c− 1 > b.

Since the function

f : (
√

c(c− 1),∞) → R

x 7→ x+
c(c− 1)

x

is strictly increasing, it follows that

a+ b = f(a) > f(c) = 2c− 1 =⇒ a+ b ≥ 2c.
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