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Let n be a positive integer. Show that
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Solution

‘We show two solutions.

Linear algebra approach. Define the matrices
0 1 0 1 0 1
TR O 1l S et

Note that detT; = 1. Note also that

w3 =Ll =ali)

So, if we compose the operators in sequence to get a single matrix 7, we find that

aq . al . 1 aq
rft] - ngen 5] - L[],

However, since detT' = 1, we conclude the eigenvalues of T" are exactly a; ...a, and

1 . . .
oo In particular the trace is given by

TrT =a1...a, +

a1 ...0n

1
Qi+1

However, every entry of T is a polynomial in a; + given by matrix multiplication.

This proves the result.

Combinatorial approach (outline). We are going to give an exact description of the
polynomial. Let X7 = a1+£, and so on. Also, let’s say a nonempty subset S C {1,...,n}
is even-spaced if when the elements of S are marked in a circle, the gaps between
consecutive elements in S are even.

The claim is the following: for some constant c,

1 n—|S]
al---an—i—m:c—l— Z (—1) 2 HXZ

S even-spaced €S

where the sum is taken over all nonempty subsets S C {1,...,n} with the property that
For example, for n = 7 it would equal

c+ X1 Xo X3 X4 X5 X6 X7
=) X1 X5 X3X,4 X5

cyc

+ Z X1 X9 X3+ Z X1 X2X5

cyc cyc

- X

With this formula written down, the proof essentially follows by principle inclusion-
exclusion.

It may be easier to see from an example than by writing notation. Consider for n =7

the sum above and the term % This term can only arise from an S with {1,2,5} C S,
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since these are the only sources of a1, as, and é In fact, it comes from the following
four terms exactly:

1 1 1
X1 Xo X3 X4 Xs X6 X7 —> +ay - ag - <a4 . > L < . a7>
1 1
X1X2X5X6X7 — —a1-az-— | —-ay
1 1
X1Xo X5 = +a1-a2- —.

and indeed the total contribution is 0.

(Meanwhile, a term like “(11‘;2 or ajagzay will never appear at all, since {1,2,4} is not
even-spaced. This is despite there being even-spaced subsets containing {1,2,4}. In
general, for a nonconstant term to be possible, the set of indices needed for it must itself

be even-spaced.)




