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Problem

Let ABCD be a parallelogram, and let O be a point inside ABCD. Suppose the
circumcircles of triangles OAB and OCD intersect at P # O, and the circumcircles of
triangles OBC and OAD intersect at @@ # O. Prove ZPOQ equals one of the angles of
quadrilateral ABCD.

Video

https://youtu.be/vhC62b_GHgs


https://www.youtube.com/watch?v=vhC62b_GHgs&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
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Solution

Let M be the center of the parallelogram. We start with the following critical observation:

Claim. P and @ are also reflections about M.

Proof. Let P’ be the reflection of P across M. We need to check that P’ lies on (BOC)
and (AOD). The former follows from

ABP'C = ADPA = £DPO + £OPA
= ADCO + LOBA = £(DC,0C) + £(OB, BA)
— ((DC, BA) + £(OB,0C) = 0+ {BOC = £BOC.
The latter is symmetric. O
To finish the angle chase, since APC(Q is a parallelogram we can write
LQOP = £(Q0,QC) + £(QC, PA) + £(PA, PO)

= £0QC + 0+ LAPO
= LOBC + LABO = LABC

as needed.



