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Problem

Determine all positive integers n > 2 for which there exist integers x1, o, ..., Tn_1
satisfying the condition that if 0 < ¢ <n, 0 < j < n, ¢ # j and n divides 2i 4 j, then
Ty < Tj.

Video

https://youtu.be/Ce0D5Uzxnew

External Link

https://aops.com/community/p3460731


https://www.youtube.com/watch?v=Ce0D5Uzxnew&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p3460731
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Solution

The answer is n = 2¥ and n = 3 - 2%, for each k > 0 (excluding n = 1).

We work with the set S = {1,2,...,n—1} mod n of nonzero residues modulo n instead.
We define the relation < on S to mean that 2i + j =0 (mod n) and i # j, for i,j € S.
Then the problem satisfies the conditions if and only if < has no cycles, i.e. < imposes a
partial order on S.

The existence of a cycle for < is equivalent to some choice of ¢t; € S and an integer
m > 2 such that

t1 <t < <ty < 11.

Unwinding the definition, this is equivalent to two conditions:

o We need t; Zt;11 (mod n) for i = 1,...,m (where t,,+1 = t1). This is equivalent
to
3-271 .4 =0 (mod n) Q).

e For t,, < t; to be true, we need

(=2)"™1=t1 (modn) < ((-2)"—1)t; =0 (mod n). (M)

We now analyze three cases:

 Let n = 2*. Suppose for contradiction some cycle exists. Then (—2)™ —1 is coprime
to n, so (M) would imply ¢; =0 (mod n), contradiction.

o Let n = 3-2*. Suppose for contradiction some cycle exists. If (#) holds for some
m, then 2¥ | t1, so the only possibility is that t; = +2¥ (mod n) and 3 | (—=2)™ — 1.
However, in that case (©) is violated for i = 1, contradiction.

o Suppose n had an n has an odd divisor d | n and d > 5. Then taking ¢; = n/d and
m = ¢(d), the equation (#) is true. Moreover, (©) is true because there is at least
one odd prime p with v,(n) > 1,(3t1) = 1,(3n/d) (since d > 5 is odd). So indeed
it’s possible to construct a cycle.

Thus these are all the answers and the only answers.



