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Problem
For every positive integer n, there exists exactly one function fn : {1, 2, . . . , n} → R such
that for all positive integers k ≤ n,

fn(k) + fn(2k) + · · ·+ fn

(
k
⌊n
k

⌋)
=

1

k

⌊n
k

⌋
.

Find f1000(1)− f999(1).

Video
https://youtu.be/zDQbD1BOFCw

External Link
https://aops.com/community/p28878234
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https://www.youtube.com/watch?v=zDQbD1BOFCw&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p28878234
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Solution
We solve the system of equations much more generally as follows:

Claim. Fix an integer n ≥ 1. Consider the system of equations in n variables x1, x2,
. . . , given by

c1 = x1 + x2 + x3 + x4 + · · ·
c2 = x2 + x4 + x6 + x8 + · · ·
c3 = x3 + x6 + x9 + x12 + · · ·

...
cn = xn

where the k’th equation has xk + x2k + · · ·+ xkbn/kc on the right-hand side. Then

x1 =
∑
k≤n

µ(k)ck

where µ is the Möbius function.

Proof. If we substitute in the expressions for ck on the right-hand side, the coefficient of
xm is

∑
k|m µ(k) which is known to be 1 for m = 1 and 0 otherwise.

Applying this directly here we get

f1000(1) =
∑

k≤1000

µ(k) · 1
k
·
⌊
1000

k

⌋

f999(1) =
∑

k≤999

µ(k) · 1
k
·
⌊
999

k

⌋
.

Note that ⌊
1000

k

⌋
−
⌊
999

k

⌋
=

{
1 k | 1000
0 k - 1000.

So subtracting, the final answer is∑
k|1000

µ(k)

k
= 1− 1

2
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5
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=

2

5
.
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