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Problem
Let f be the unique function defined on the positive integers such that∑

d|n

d · f
(n
d

)
= 1

for all positive integers n, where the sum is taken over all positive divisors of n. What is
f(2023)?

Video
https://youtu.be/aqhUZkRuI4k

External Link
https://aops.com/community/p29157255
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https://www.youtube.com/watch?v=aqhUZkRuI4k&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p29157255
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Solution
In the language of Dirichlet convolution, f is a function such that

id ∗f = 1.

hence f is a multiplicative function.
It’s easy to compute f(1) = 1 and f(pk) = 1 − p for primes p and k ≥ 1. Since

2023 = 7 · 172,
f(2023) = f(7)f(289) = (−6)(−16) = 96 .
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