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Problem

Given a fixed acute triangle, a variable point P lies on arc BC not containing A of the
circumcircle of AABC. Let D and E be the incenters of ABP and ACP, respectively.
As P varies on arc BC, show that the midpoint of DFE lies on a fixed circle.

Video

https://youtu.be/NUyidWDwN1ls


https://www.youtube.com/watch?v=NUyidWDwNls&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
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Solution

Let I and J denote the incenters of triangles ABC and PBC.

P

We appeal to the following result, available here or here:
Theorem (Japanese theorem for cyclic quadrilaterals). DIE.J is a rectangle.

Now I is fixed, and J moves on a fixed circle (because ZBJC = 90° + %ABPC is
fixed). So the midpoint of I.J moves along on a circle, as needed.


https://www.cut-the-knot.org/Curriculum/Geometry/CyclicQuadrilateral.shtml#explanation
https://blog.evanchen.cc/2018/02/28/revisiting-arc-midpoints-in-complex-numbers/

