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Problem

Let 7(n) denote the number of positive integer divisors of a positive integer n (for example,
7(2022) = 8). Given a polynomial P(X) with integer coefficients, we define a sequence

ai, ag, ... of nonnegative integers by setting
ged (P(n), 7(P(n))) if P(n) >0
a =
"0 if P(n) <0

for each positive integer n. We then say the sequence has limit infinity if every integer
occurs in this sequence only finitely many times (possibly not at all).
Does there exist a choice of P(X) for which the sequence aj, ag, ... has limit infinity?

Video

https://youtu.be/dCOVpiGVRgs

External Link

https://aops.com/community/p26379812


https://www.youtube.com/watch?v=dC9VpiGVRqs
https://aops.com/community/p26379812
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Solution

We claim the answer is no, such P does not exist.

Clearly we may assume P is nonconstant with positive leading coefficient. Fix P and
fix constants ng, ¢ > 0 such that ¢ = P(ng) > 0. We are going to prove that infinitely
many terms of the sequence are at most c.

We start with the following lemma.

Claim. For each integer n > 2, there exists an integer r = r(n) such that

 For any prime p which is at most n, we have v,(P(r)) = v,(c).

c: H <r<2c- H -

prime p<n prime p<n

e We have

Proof. This follows by the Chinese remainder theorem: for each p < n we require r = nyg
(mod p*»(9+1), which guarantees v,(P(r)) = v,(P(no)) = vp(c). Then there exists such
an r modulo Hpgn P+ as needed. O

Assume for contradiction that all a; are eventually larger than c. Take n large enough
that n > ¢ and » = r(n) has a, > ¢. Then consider the term a,:
e Using the conditions in the lemma it follows there exists a prime p,, > n which
divides a, = ged(P(r), 7(P(r))) (otherwise a,, which divides P(r), is at most c).
e As py divides 7(P(r)), this forces P(r) to be divisible by (at least) ¢i" " for some
prime g,,.
 For the small primes p at most n, we have v,(P(r)) = vp(c) <c<n <p, —1. It
follows that g, > n.
U Ergo,
P(r) > ¢in~1 > nm,
In other words, for large enough n, we have the asymptotic estimate
n" < P(r)=0(1) - pdeg P
— 0(1) . cdegP . H pdegp

prime p<n
< 0(1) . ndchm-(n)
where 7(n) denotes the number of primes less than n. For large enough n this is impossible
since the primes have zero density:
m(n)

lim —= =0.
n—oo n

Remark. For completeness, we outline a short elementary proof that lim,, . =) _ g,

For integers M > 0 define !
1
o(M) = 1——.
0= (-5)

p<M
Then 7(n) < §(M)n + [],<p p, so it suffices to check that limp/—oc 6(M) = 0. But
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7:” 1—= :|| Il od — 4. >l 44—

6(M) ( p) (Jr19+192Jr )‘ ottt
p<M p<M

which diverges for large M.



