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Problem
A positive integer is written on a blackboard. In a move, you can put plus signs between
some of the digits on the board, then erase the original number, and write down the
resulting sum instead. Show that you can make the number on the blackboard a single
digit within five moves.

Video
https://youtu.be/2hMOwc5Zqrs

External Link
https://aops.com/community/p1822594
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Solution
The first move is most of the difficulty of the problem.

Claim. We can pair all the digits, except possibly some zeros and at most one nonzero
digit, into pairs such that in each pair, the two digits are adjacent, and the left digit is
nonzero.

Proof. Easy; just look at consecutive blocks of nonzero digits (separated by strings of
zeros). For the even length blocks, use all nonzero digits in pairs; for the odd length
blocks except possibly the last one (for which there is no zero to the right), use one of
the zeros from the right border. An example is shown below for illustration.

13 0 46 91 20 000 27 10 30 00000 15 3.

Let t be the single nonzero remaining digit if it exists, otherwise, let t = 0. Then, let
(ai, bi) denote all the pairs, with ai being the last digit, for 1 ≤ i ≤ M . If we commit to
inserting +’s between any pair of digits which is not in a pair, then we will get a sum of
the form

S(I) = t+
∑
i/∈I

(ai + bi) +
∑
i∈I

(10ai + bi)

as a function of our indices I.
The main claim is this:

Claim. We can pick the set I such that S(I) = c · 10e + ε for some integer 1 ≤ c < 100,
and 0 ≤ ε ≤ 90. In other words, S has at most four nonzero digits.

Proof. Define

X =
∑
i

(ai + bi)

Y =
∑
i

(10ai + bi) .

It is easy to see Y ≥ 1.9X, so the two leading digits of Y and X are different. From this
it follows that the interval [X,Y ] contains a number of the form c · 10e.

Now, if we imagine starting with I = ∅, so S(I) = X + t, and adding elements one at
a time until we get I = {1, . . . ,M}, where S(I) = Y + t. At each step, S(I) increases at
most 81. So we take the first moment where S(I) > c · 10e, and this I works.

Hence after the first step, we get a number with at most four nonzero digits; if we split
all the digits after that, we get a number at most 36. In fact, starting from any number
at most 36, two steps are sufficient to complete the problem (hence four steps total).
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