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Problem

Determine all functions f : Z>0 → Z≥0 satisfying the three conditions:

• f(xy) = f(x) + f(y) for every positive integer x and y;

• there are infinitely many positive integers n such that f(k) = f(n−k) for all k < n.

Video

https://youtu.be/3Bl5SRkbyJg
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https://www.youtube.com/watch?v=3Bl5SRkbyJg&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ&index=14
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Solution

The following solution was given by Ankan Bhattacharya.
The answer is and f(x) ≡ cνp(x) for any prime p and constant c ≥ 0. These obviously

work.
For the other direction, let M be the set of integers satisfying the sum condition.

Claim. M is closed under division.

Proof. Tautological.

Now assuming f is not identically zero, fix p the smallest prime for which f(p) > 0.

Claim. This prime p divides any element of M which is greater than p.

Proof. Suppose m ∈ M and m > p. Use division algorithm to get m = p · s+ r where
0 ≤ r < p. If r > 0, then

f(r) = f(p · s) = f(p) + f(s) > 0

a contradiction to minimality of p.

Claim. Every element of M equals a power of p times an integer less than or equal to p.

Proof. Follows from the last two claims.

Assume for contradiction q is a prime greater than p and with f(q) > 0. For some
pe ∈ M exceeding q, use the division algorithm to get

pe − qs = r < q

and hence
f(q) + f(s) = f(r), r < q.

But evidently νp(s) = νp(r) and νq(r) = 0, hence f(s) = f(r), contradiction.
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