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TWwWITCH SOLVES ISL

Episode 70

Problem

Determine all integers m > 2 such that every n with % <n< % divides the binomial
coefficient an2n)

Video

https://youtu.be/zVmGnDNwELE

External Link

https://aops.com/community/p3156840


https://www.youtube.com/watch?v=zVmGnDNw6LE&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p3156840
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Solution
The answer is m prime. The canonical way to think of this is:
Claim. The number m works if and only if ged(n, m) =1 for all n € [m/3,m/2].

Proof. Fix m, and choose any prime p. The divisibility is rewritten as

vp ((n = 1)1) > v, ((m = 2n)!) + (vp(2n)")
e N N |

Vp ((m iLQn)) = f(np°).

e>1

Define

Then we have

We want this sum to be nonnegative for any prime p.
The following properties are true:

o f(n,q) > 0if g tn, since then L"T_lJ = L%J So there are no issues when p t n.

e Now suppose q is a prime power of a prime p dividing n. We may explicitly compute
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0 otherwise.

In that case, it follows that Vp((mf%)) is the sum of some non-positive terms, at
least one of which is —1 (namely the first term f(n,p!) = —1.) So m fails.

In conclusion, m works if and only n never has a common prime factor with m, as

desired. O



