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Problem
For k = 1, 2, . . . , n let zk = xk + iyk, where the xk and yk are real and i =

√
−1. Let r

be the absolute value of the real part of

±
√

z21 + z22 + · · ·+ z2n.

Prove that r ≤ |x1|+ |x2|+ · · ·+ |xn|.

Video
https://youtu.be/F1-jL2dSQJc

External Link
https://aops.com/community/p24910033
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https://www.youtube.com/watch?v=F1-jL2dSQJc&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p24910033
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Solution
If the square root is a+ bi, and S =

∑
x2k ≥ 0 then

(a2 − b2) + 2ab · i =
∑
k

(x2k − y2k) +
∑
k

2xkyki

a2 − b2 =
∑
k

x2k − y2k

ab =
∑
k

xkyk ≤
√∑

k

x2k

∑
k

y2k

=

√√√√(∑
k

x2k

)(∑
k

x2k − (a2 − b2)

)
a2b2 ≤ S2 − (a2 − b2)S

0 ≤ (S − a2)(S + b2).

This means
a2 ≤

∑
k

x2k =⇒ a ≤
√∑

k

x2k ≤
∑
k

|xk|.
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