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Twitch Solves ISL
Episode 49

Problem
Suppose that the set {1, 2, . . . , 1998} has been partitioned into disjoint pairs {ai, bi}
(1 ≤ i ≤ 999) so that for all i, |ai − bi| equals 1 or 6. Prove that the sum

|a1 − b1|+ |a2 − b2|+ · · ·+ |a999 − b999|

ends in the digit 9.

Video
https://youtu.be/jsw3c3yAn7o

External Link
https://aops.com/community/p343865
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https://www.youtube.com/watch?v=jsw3c3yAn7o&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p343865
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Solution
Let S be the sum. Modulo 2,

S =
∑

|ai − bi| ≡
∑

(ai + bi) = 1 + 2 + · · ·+ 1998 ≡ 1 (mod 2).

Modulo 5,
S =

∑
|ai − bi| = 1 · 999 ≡ 4 (mod 5).

So S ≡ 9 (mod 10).
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