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Problem

Let n > 5 be an integer. Find the largest integer k (as a function of n) such that there ex-
ists a convex n-gon A1 A, ... A, for which exactly k of the quadrilaterals A; A;11A;12A4;413
have an inscribed circle, where indices are taken modulo n.

Video

https://youtu.be/yogTspROyC4


https://www.youtube.com/watch?v=yogTspROyC4&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
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Solution
The main claim is the following:
Claim. We can’t have both A1 454344 and Ay A3 A4 A5 be circumscribed.

Proof. If not, then we have the following diagram, where a = A1As, b = A — 2As5,
Cc = A3A4, d= A4A5.

As
Then A1A4 =c+a—band A543y = b+ d — c. But now
AjAs+ AAs =(c+a—b)+(b+d—c)=a+d=A1As + A4A5
but in the picture we have an obvious violation of the triangle inequality. O

This immediately gives an upper bound of [n/2].
For the construction, one can construct a suitable cyclic n-gon by using a continuity
argument (details to be added).



