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Problem
Let a0, a1, . . . , an be numbers from the interval (0, π/2) such that tan(a0− π

4 )+ tan(a1−
π
4 ) + · · ·+ tan(an − π

4 ) ≥ n− 1. Prove that

tan a0 tan a1 · · · tan an ≥ nn+1.

Video
https://youtu.be/769HmeqO8OU

External Link
https://aops.com/community/p343867
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https://www.youtube.com/watch?v=769HmeqO8OU&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p343867
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Solution
Let xi = tan(ai − π

4 ). Then we have that

tan ai = tan(ai − 45◦ + 45◦) =
xi + 1

1− xi
.

If we further substitute yi =
1−xi
2 ∈ (0, 1), then we have to prove that the following

statement:

Claim. If
∑n

0 yi ≤ 1 and yi ≥ 0, we have

n∏
i=1

(
1

yi
− 1

)
≥ nn+1.

Proof. Homogenizing, we have to prove that

n∏
i=1

(
y0 + y1 + y2 + · · ·+ yn

yi
− 1

)
≥ nn+1.

By AM-GM, we have

y1 + y2 + y3 + · · ·+ yn
y0

≥ n n

√
y1y2y3 . . . yn

y1
.

Cyclic product works.

Remark. Alternatively, the function x 7→ log(1/x− 1) is a convex function on (0, 1) so
Jensen inequality should also work.
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