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Problem

A convex hexagon A By Ay By A3Bs is inscribed in a circle ) with radius R. The diagonals
A1By, A3 B3, A3Bj are concurrent in X. For each i = 1, 2, 3 let w; tangent to the segments
X A; and X B; and tangent to the arc A;B; of {2 that does not contain the other vertices
of the hexagon; let r; the radius of w;.

(a) Prove that R > 1 + ra + r3.

(b) If R =ry 4 ro + r3, prove that the six points of tangency of the circumferences w;
with the diagonals A1 By, AsBs, A3B; are concyclic.

Video

https://youtu.be/ZqINTYGw18A

External Link

https://aops.com/community/p5942512


https://www.youtube.com/watch?v=ZqJNTYGwl8A&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
https://aops.com/community/p5942512
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Solution

We let M7 be the arc midpoint of the arc As B3 containing A1 B1, and so on. The tangents
to Q at My, Ms, M3 determine a triangle ABC' with incircle 2. We also let w; be tangent
to  at T;, and let U; and V; be tangency points as in the figure below.
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The three green segments drawn (the extension of Aj By, AyBs, A3Bi) together with
the sides of triangle ABC' determine three smaller triangles, shaded light green in the
diagram above. Notice that

e The red circles have radius smaller than the inradius of the green triangles they are
contained in.

e The sum of the three inradii of the green triangles equals R, because the homothety
factors between the green triangles sum to 1.

This immediately implies that R > r; + 173+ 73, so (a) is solved. Moreover, equality holds
if and only if M; = T; for each 1.
To finish (b), by shooting lemma twice we have M3 = T1U; N T>V5 and

MsTy - M3Uy = M3Va - M3T5.
(both equal to M3A?). However, by homothety from T3 mapping ws to €2, we also have

T3V3  T3U3
TsM;  TsMy’

So if M; = T; for all i, then by power of a point from T3 = M3 we are able to conclude
that Uy, V3, Us, Vo are cyclic.

Analogous statements imply that unless U1 Vi, UsVa, UsVs are parallel — which they
obviously are not, because they are perpendicular to angle bisectors of ZA; X B; — then
the six points must be cyclic, as desired.



