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Problem
A finite number of coins are placed on an infinite row of squares. A sequence of moves is
performed as follows: at each stage a square containing more than one coin is chosen.
Two coins are taken from this square; one of them is placed on the square immediately
to the left while the other is placed on the square immediately to the right of the chosen
square. The sequence terminates if at some point there is at most one coin on each
square. Given some initial configuration, show that any legal sequence of moves will
terminate after the same number of steps and with the same final configuration.

Video
https://youtu.be/4oTU6jWCrzw

External Link
https://aops.com/community/p1218629
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Solution
First part. We start by proving the procedure always terminates. Index the squares by
Z.

Claim. For any starting configuration, there exists an interval [A,B] such that no coin
may ever exit B.

Proof. Let n be the largest index of a square with any coins. Note that for any square
m > n, the following property is true: if m ever gains a coin, then forever after, either m
or m+ 1 has a coin. This follows since any move affecting either m or m+ 1 will add a
coin to at least one of them.

Thus, we make take B = m+ 2c where c is the number of coins. The choice of A is
similar.

Now note that the sum of squares of indices of coins increases each step. This shows
that configurations may never repeat; but there are finitely many configurations, ensuring
termination.

Second part. Suppose S = (x1, . . . , xn) is a valid sequence of moves that leads to an
end state. We perform the following procedure for i = 1, . . . , n.

• Before the i’th move si, look at the leftmost square which has more than one coin.
It must be operated on eventually, since that is the only way it can lose coins. Let
xj be the first such move on this square.

• Rearrange the sequence so that this move xk comes next instead. That is, apply
the change

(xi, xi+1, . . . , xj−1, xj) 7−→ (xj , xi, xi+1, . . . , xj−1) .

Note that validity of the whole operation is preserved.

In this way, any valid sequence can be rearranged to a certain canonical sequence where
one always operates on the leftmost possible square. This implies that the lengths of all
valid sequences are the same (actually, they are permutations of each other), and also
that the ending states match.
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