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Episode 19

Problem
Find all pairs (a, b) of relatively prime positive integers such that

a? +b=(a—0b)>

Video

https://youtu.be/yAU826DfIdo


https://www.youtube.com/watch?v=yAU826DfIdo&list=PLi6h8GM1FA6yHh4gDk_ZYezmncU1EJUmZ
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Solution

The only answer is (a,b) = (5,2) which works.
To see it is the only one, note that taking modulo a and b respectively gives:

e b= (-b)3 (moda) = a|b®>+1
e a2=a% (modb) = bla—1.
Let us set a = k- b+ 1. Then the first equation gives
Eb+1 k(¥ +1)=k-kb+k = kb+1|-b+Ek.

For size reasons this forces k = b, else |kb+ 1| > |k — b| > 0.
In other words, we need a = b> + 1. So

B +1)%+b=0*+1-b)
Now a calculation shows
(B =b+1)° = [(®+1)2+b] =b(b—2)(b* +1)(b* +b—2)

so b = 2 is the only integer solution.



