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Problem

Let ABCD be a cyclic quadrilateral. A circle centered at O passes through B and D and
meets lines BA and BC' again at points E and F' (distinct from A, B, C'). Let H denote
the orthocenter of triangle DEF'. Prove that if lines AC, DO, EF are concurrent, then
triangles ABC and FHF are similar.

Video

https://youtu.be/V2TNgUwbs6A

External Link

https://aops.com/community/p156412066


https://www.youtube.com/watch?v=V2TNgUwbs6A&list=PLi6h8GM1FA6yfhMMNqJi1mht4KmZnXpj6
https://aops.com/community/p15412066
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Solution

Define G as the intersection of AC and EF.

Claim. Quadrilateral DC'GF is cyclic.

First proof. Because L DCG = L DCA = ADBA =ADBFE =ADFFE =ADFG O

Second proof. Follows since D is Miquel point of GABF.

Claim. If G lies on line DO, we have AC 1. BD.

Proof. We have

ABDG = ABDO =90° — X{DEB = 90° — {DFB
=90° — LDFC =90° — L{DGC. O

To finish,
LHEF =90° — LAEFD =90° — L{EBD =90° — {ABD = L{CAB.
Similarly { HFE = L ACB and the proof is done.

Remark. The original version of this problem was in the converse direction: showing
that AC L BD implied the concurrence. Unfortunately, this turns out to be susceptible
to Cartesian coordinates by setting the x and y axes along these lines, as well as complex
methods.

Interestingly, it does not appear to be easy to show directly that the converse of the
problem implies the original statement (other than actually solving the problem, and
adapting the proof). Note in particular that the case where E = A and F = C is a
counterexample to the converse direction as stated.



