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ABSTRACT

As an analog to the Jacquet-Rallis fundamental lemma that appears in the relative trace
formula approach to the Gan-Gross-Prasad conjectures, the arithmetic fundamental lemma
was proposed by Wei Zhang and used in an approach to the arithmetic Gan-Gross-Prasad
conjectures. The Jacquet-Rallis fundamental lemma was recently generalized by Spencer
Leslie to a statement holding for the full spherical Hecke algebra. In the same spirit, there is
a recent conjectural generalization of the arithmetic fundamental lemma to the full spherical
Hecke algebra. This paper formulates another analogous conjecture for the semi-Lie version
of the arithmetic fundamental lemma proposed by Yifeng Liu. Then this paper produces
explicit formulas for particular cases of the weighted orbital integrals in the two conjectures
mentioned above.
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Chapter 1

Introduction

Throughout this whole paper, p > 2 is a prime, F' is a finite extension of Q,, and E/F is an

unramified quadratic field extension.

1.1 Brief history and motivation for the arithmetic fun-
damental lemma

The primary motivation for this paper arises from the study of conjectured variants of the
arithmetic fundamental lemma for spherical Hecke algebras proposed in [LRZ24]. This section
briefly provides an overview of the historical context that led to the formulation of these
conjectures. This history is also summarized in Figure 1.1.

Because this subsection is meant for motivation only, in this survey we do not give
complete definitions or statements, being content to outline a brief gist. A more detailed

account can be found in [Zha24a].
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|

[GZ86]

Figure 1.1: The history behind the fundamental lemma and its arithmetic counterpart.
Unlabeled arrows denote generalizations.

1.1.1 The GGP conjectures, and the fundamental lemma of Jacquet-

Rallis

In modern arithmetic geometry, a common theme is that there are deep connections between
geometric data with the values of related L-functions.

This story begins with a result of Waldspurger [Wal85| which showed a formula relating the
nonvanishing of an automorphic period integral to the central value of the same L-functions.
Later, a conjecture that generalizes Waldspurger’s formula was proposed by Gross-Prasad
in [GP92; GP94]. This was further generalized to a series of conjectures now known as
the Gan-Gross-Prasad (GGP) conjectures, which were proposed in 2012 in [GGP12]; they
generalize the Gross-Prasad conjecture to different classical groups. Specifically, the GGP
conjecture predict the nonvanishing of a period integral based on the values of the L-function
of a certain cuspidal automorphic representation.

In 2011, Jacquet-Rallis [JR11] proposed an approach to the Gross-Prasad conjectures

for unitary groups via a relative trace formula (RTF). The idea is to compare an RTF for
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the general linear group to one for a unitary group. This approach relies on a so-called
fundamental lemma, which links values of certain orbital integrals over two reductive groups
over a non-Archimedean local field.

Let’s be a bit more precise about what this fundamental lemma says. Let V. denote the
split £//F-Hermitian space of dimension n (unique up to isomorphism), fix a unit vector wy
in it, and let (V;})” be the orthogonal complement of the span of wy. Let (G')* := GL,_1(E),
G' = GL,(E), G* := U((V})")(F) and G := U(V)(F). For certain

ye (@)Y xG, ge@x@

the Jacquet-Rallis fundamental lemma proposes a relation between two orbital integrals.

Specifically, it supplies a relation between

e the orbital integral of v with respect to the indicator function 1 gy, g of the natural

hyperspecial compact subgroup

(K'Y x K' € (G")’ x G' = GL,_1(E) x GL,(E);

and

e the orbital integral of g with respect to the indicator function 1y, ; of the natural

hyperspecial compact subgroup

K’x K CG xG=U(VH")F)x UVH(F).

In other words, it states that

Orb(v, 1(K')be') = w(7) Orb(g, 1 ) (1.1)

where w(7) is a suitable transfer factor. The fundamental lemma has since been proved
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completely; a local proof was given by Beuzart-Plessis [Beu21| while a global proof was given

for large characteristic by W. Zhang [Zha21b].

1.1.2 The arithmetic GGP conjectures, and the arithmetic funda-

mental lemma

At around the same time Waldspurger’s formula was published, Gross-Zagier [GZ86| proved
a formula relating the height of Heegner points on certain modular curves to the derivative
at s = 1 of certain L-functions. The Gross-Zagier formula was then generalized over several
decades, culminating in [YZZ13| where the formula is established for Shimura curves over
arbitrary totally real fields.

An arithmetic analogue of the original Gan-Gross-Prasad conjectures, which we hence-
forth refer to as arithmetic GGP [GGP12|, can then be formulated, further generalizing
Gross-Zagier’s formula. Here the modular curves in Gross-Zagier are replaced with higher
dimensional Shimura varieties. Rather than the period integrals considered previously, one
instead takes intersection numbers of cycles on some Shimura varieties. Specifically, if one
considers the Shimura variety associated to a classical group, the arithmetic GGP conjecture
predicts a relation between intersection numbers on this Simura variety with the central
derivative of automorphic L-functions.

By analogy to the work Jacquet-Rallis [JR11], the arithmetic GGP conjectures should
have a corresponding arithmetic fundamental lemma (henceforth AFL), which was proposed
by W. Zhang [Zhal2, Conjecture 2.9]. The arithmetic fundamental lemma then relates the
derivative of the weighted orbital integral with respect to the indicator function 1 gy, s €

H(G") x G, (K')’ x K'), that is
0
% i Orb(’y, l(K’)bXKHS)

for v € (G')* x G, to arithmetic intersection numbers on a certain Rapoport-Zink formal
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moduli space. The AFL in [Zhal2| has since been proven over p-adic fields for any large
prime p in Mihatsch-Zhang [MZ24|, W. Zhang [Zha21b]|, and then for any odd prime p by Z.
Zhang |Zha23|.

1.1.3 The semi-Lie version of the AFL proposed by Liu

There is another different version of the AFL, proposed by Yifeng Liu in [Liu21, Conjecture
1.12|, which is often referred to as the semi-Lie version of the AFL. Its statement has been
shown to be equivalent to AFL, see [Liu21, Remark 1.13| and is thus now proven. In contrast,
the original AFL proposed by Zhang in [Zhal2, Conjecture 2.9] is sometimes referred to as
the group version.

A more detailed account of this equivalence is described in |Liu21, §1.4].

1.1.4 Generalizations of FL and AFL to the full spherical Hecke

algebra

Recently it was shown by Leslie [Les23] that in fact (1.1) holds in greater generality where
the indicator function 1, ; can be replaced by any element in the spherical Hecke algebra
0 € H((G")’x G, (K'Y’ x K'). In that case, 1 (fryp < i Deeds to be replaced by the corresponding

element ¢’ under a certain base change homomorphism

H(G') x G, (K'Y x K') = H(G" x G, K’ x K)

/

Y =e
In that case, the identity (1.1) still hold as
Orb(v, ¢") = w(y) Orb(g, ¢). (1.2)

To complete the analogy illustrated in Figure 1.1, there should thus be a generalization of the
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AFL in which 1z g is replaced by any element of the Hecke algebra H((G')" x G, (K')" x K).
This conjectural generalization (for the group version of the AFL) is [LRZ24] and we discuss
it momentarily; while the analogous conjectural generalization for the semi-Lie version of the

AFL is our Conjecture 1.2.2 also discussed in the next section.

1.2 Formulation of AFL conjectures to the full spherical

Hecke algebra

1.2.1 The inhomogeneous version of the arithmetic fundamental
lemma for spherical Hecke algebras proposed by Li-Rapoport-

Zhang

In contrast to the vague motivational cheerleading in the previous section, starting in this
section we will give more precise statements, even though we will necessarily need to reference
definitions appearing in later sections.

Retain the notation G’ := GL,(F), and G = U(V;")(F), with K’ C G’ and K C G the
natural hyperspecial compact subgroups. Also, let ¢ denote the residue characteristic of F.

Moreover, define the symmetric space
Sp(F) ={g € GL,(E) | gg =id,.} .

Finally, let V.~ be the non-split Hermitian space of dimension n (unique up to isomorphism),
while VI continues to denote the split one (again unique up to isomorphism).

For concreteness, we focus on the inhomogeneous version of the arithmetic fundamental
lemma, which is [LRZ24, Conjecture 6.2.1|. This allows us to deal with just G’ instead of
(G")’ x G, etc., so that the Hecke algebra H((G')* x G’, (K')” x K') can be replaced by the
simpler one H(GL,(E)) = H(G', K'). Similarly, H(G® x G, K’ x K) can be replaced by the
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simpler H(U(V})) = H(G, K).

The AFL conjecture provides a bridge between a geometric left-hand side (given by an
intersection number) and an analytic right-hand side (given by a weighted orbital integral).
Stating it requires several pieces of data. We only mention these pieces by name here, with

definitions given later:
e On the geometric side, we have an intersection number. It uses the following ingredients.

— We choose a regular semisimple element g € U(V. ). (The notation U(V) )
denotes the regular semisimple elements of U(V, ), etc. The notion of regular

semisimple is defined in Definition 3.1.4.)

— We choose a function f € H(U(V,!)) from the spherical Hecke algebra, defined in

Chapter 2.
— We define a certain intersection number Int(g, f) in Definition 13.3.2. These

intersection numbers take place in a Rapoport-Zink space described in Chapter 13.

e On the analytic side, we have a weighted orbital integral. It uses the following ingredi-
ents.
— We choose a regular semisimple element vy € S, (F),s.

— We choose a test function ¢ which comes from a certain H(GL, (F))-module that

we will denote H(S,(F')). This module H(S,,(F)) is defined in Chapter 2.

— The weighted orbital integral Orb(~, ¢, s) is itself defined in Definition 5.1.1. (It
is connected to an unweighted orbital integral on the unitary group according to

Theorem 5.1.3.) We abbreviate

0
d Orb(77 ¢) = % Ol"b(")/, ¢7 S)'

s=0

— There is also an extra transfer factor w € {1} which we define in Chapter 12.
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e We need a way to connect the inputs between the two parts of our conjecture. Specifically,

f and ¢ need to be linked, and g and v need to be linked. This is done as follows.

— Once the regular semisimple element g € U(V),s is chosen, we require 7 € Sy, (F)ys
to be a matching element. This matching is defined in Definition 3.2.1. (Alterna-
tively, one could imagine picking v € S,,(F'),s first and finding corresponding g.
It turns out v will match an element of U(VE), in general, and the conjecture is

only formulated in the case where g € U(V).)

— Once f € H(U(V})) is chosen, we select

n—1,___

¢=(BCg, )(f)

to be the image of f under a base change. This base change is defined and then

calculated explicitly for n = 3 in Chapter 4.

With all our protagonists now having names and references, we can now state the conjecture

proposed in [LRZ24].

Conjecture 1.2.1 (Inhomogeneous version of the AFL for the full spherical Hecke algebra,
|[LRZ24, Conjecture 6.2.1]). Let f € H(U(V;")) be any element of the Hecke algebra, and let

n—1,_

¢ = (BCY, )7\ (f) € H(Sa(F))

be its image under base change as defined in Chapter 4. Then for matching (as defined in

Definition 3.2.1) reqular semisimple elements
g E UV, ) — v € Sp(F)s

we have

Int ((1,9), 10 ® f) = —%801%(% o) (1.3)
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where the weighted orbital integral Orb(...) is defined in Definition 5.1.1, the transfer factor

w is defined in Chapter 12, and the intersection number Int(...) is defined in Chapter 13.

At present, the (inhomogeneous) AFL is the case where f = 1y, and is thus proven. Note
that in the case of interest where v € S, (F'),s matches an element of U(V ), (rather than
U(V1)s), the actual value of Orb(y, ¢, s) at s = 0 is always zero by Theorem 5.1.3; so the
conjecture instead looks at the first derivative at s = 0.

The generalized conjecture is also proved in full for n = 2 in [LRZ24, Theorem 1.0.1] (in
that reference, our n denotes the n + 1 in loc. cit.). The part of the calculation involving the

weighted orbital integral has two parts:

e The calculation makes BCg:_l completely explicit in a natural basis for n = 2. The

result is [LRZ24, Lemma 7.1.1].

e The calculation makes explicit the value of the weighted orbital integral

Orb(v, ¢, s)

for any v € S,,(F'),s and ¢ € H(S,(F)), in terms of invariants of v and a decomposition

of ¢ in a natural basis. The result is [LRZ24, Proposition 7.3.2].

Combining these two (hence obtaining the right-hand side of (1.3)) with a calculation of
intersection numbers in [LRZ24, Corollary 7.4.3] (which is the left-hand side of (1.3)) shows

that Conjecture 1.2.1 holds for n = 2, cf. [LRZ24, Theorem 7.5.1].

1.2.2 A proposed arithmetic fundamental lemma for spherical Hecke
algebras in the semi-Lie case

The primary focus of this paper is an analogous conjecture to Conjecture 1.2.1 for the semi-Lie
version (also called the Fourier-Jacobi case). It serves to complete the analogy given in

Table 1.1.
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Version ~ AFL for 1 (now proven) Full spherical Hecke

Group [Zhal2, Conjecture 2.9] [LRZ24, Conjecture 6.2.1]
Semi-Lie [Liu2l, Conjecture 1.12] Conjecture 1.2.2

Table 1.1: Table showing the analogy between the proposed Conjecture 1.2.2 and the existing
conjectures.

In this variation, as in [Liu21], rather than matching g € U(V, ) to v € S, (F).s, we

consider an augmented space larger than U(V

) and S, (F). Specifically, one considers a

matching between tuples of regular semisimple elements
(9,u) € (U(V) X V) > (1,0, v1) € (Su(F) X Vi (F))s

where V!(F) = F™ x (F")" (defined in Definition 3.3.1) consists of pairs of column vectors
and row vectors of length n, and the space V is defined in Definition 13.2.2. The notion of
matching is defined in Definition 3.3.1 as well.

Meanwhile, we still use the same test functions f and ¢, as we did for [LRZ24, Conjecture
6.2.1]. The derivative of interest will be denoted

)
9 Orb<<77 u, VT)? ¢) = % Orb((V? u, VT)? (b ® 1O?X(O?)V7 S)'
s=0

Finally, we also update the definition of intersection number to accommodate the new term

 in Definition 13.4.3.

Conjecture 1.2.2 (Semi-Lie version of the AFL for the full spherical Hecke algebra). Let
f € H(U(VT)) be any element of the Hecke algebra, and let
n—1

¢ = (BCY, )7\ (f) € H(Sa(F))

be its image under base change defined in Chapter 4. Then for matching (as defined in
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Definition 3.3.1) reqular semisimple elements

(g.u) € (U(V,) X Vi) ¢ (1, ,v7) € (Su(F) X Vi (F))rs

n

we have
w(y,u,v'")

Int<<97u>7f):_ 1qu

(9Orb((7,u, VT),¢® 1O$X(OTFL)V) (14)

where the orbital integral Orb(...) is defined in Definition 8.1.1, the transfer factor is defined

in Chapter 12, and the intersection number Int(...) is defined in Chapter 185.

Note that in this version the new orbital integral Orb((y,u,v"), ¢ ® Lon(on)v,s) is
defined similarly. However, as far as we know, no analog of Theorem 5.1.3 (linking it to an
unweighted orbital integral on the unitary side) appears in the literature. Thus we record
the corresponding statement as Conjecture 8.1.3. Like before, Conjecture 8.1.3 predicts that
Orb((y,u,v"),¢® Lonx(op)v,0) = 0 in the case of interest, which in this case can be checked

independently.

Remark 1.2.3. For n = 1, the Hecke algebra H(S,(F)) is trivial and therefore Conjec-
ture 1.2.2 becomes a special case of the known result [Liu2l|. Therefore n = 2 is the first

case of Conjecture 1.2.2 worth examining.

1.2.3 A proposed large image conjecture

We let S, (F). (resp. (Sp(F)xV!(F))) denote the subsets of S,,(F'),s (resp. (Sp(F)X V! (F))ys)
consisting of regular semisimple elements that also match with an element of U(V. ), (resp.
(U(V)) X V)ys), 1.e. those for which Conjecture 1.2.1 and Conjecture 1.2.2 apply.

In [LRZ24], it was observed that for n = 2 there was a rather large space of ¢ € H(S2(F))
such that

90rb (v,9) =0
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held identically across all v € Sy(F');. If we consider the map

9O0rb: H(S(F)) — C=(S2(F)g)

¢ = (7= 90rb(y,9))

then [LRZ24, Theorem 8.2.3| in fact shows this map has a kernel of codimension 2 (equivalently,
the image of the map was only two-dimensional). They thus stated [LRZ24, Conjecture 1.0.2]
which asserts that for n > 2, a similarly defined map (albeit for more than one Hecke algebra)
has a large kernel.

It is therefore natural to ask whether a similar large kernel result could hold for the
analogous orbital integral in the semi-Lie case. We instead propose the following large image

conjecture, which we have proved for n = 2.

Conjecture 1.2.4 (Large image conjecture for (S, (F) x V/(F))..). Let n > 2. The map

0O0rb: H(S,(F)) = C*™ ((SR(F) X VT:(F))_)
O ((W,u, v') = 00rb ((v,u, v, gb))
18 1njective.

In fact for n = 2 we have a more precise result showing that the injectivity essentially

comes from v(uv') alone in this case. See Theorem 1.3.5 and Theorem 1.3.6 momentarily.

1.3 Results

Most of the results here are dedicated toward the semi-Lie version of the AFL, which is the
new contribution provided by this paper. But in Section 1.3.4 we mention some other results

we proved for the group version of the AFL.
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1.3.1 Formulas for the orbital side of the semi-Lie AFL conjecture
for n = 2

The main case of interest in this thesis is the new conjectured AFL for the spherical Hecke
algebra in the semi-Lie situation in the specific case n = 2 where one can provide evidence
for the conjecture. On the orbital side, the various ingredients can be described concretely in

the following way:

e The Hecke algebra H(S>(F')) has a natural basis of indicator functions 15 <, for each

r > 0; see Chapter 8 for a definition.

e Suppose (v,u,v') € (Sy(F) x V4 (F)). Then under the action GLy(F) we may assume

(7,u,v") is of the form

() = | ,<o ) & (S(F) x VI(F);

(that is, we can find a GLg(F')-orbit representative of this form). The parameters a, b,
¢, d need to satisfy certain dependencies for the matching to hold; these requirements

are documented in Lemma 8.4.2.

Then we were able to derive the following fully explicit formula in terms of the represen-
tative detailed in Lemma 8.4.2. See Section 10.3 for some concrete examples and illustrations

of Theorem 1.3.1.

Theorem 1.3.1 (Explicit orbital integral on Sy(F') x VJ(F')). Let

() = | ,(o ) & (S(F) x VI(F);

satisfy the requirements in Lemma 8.4.2. Let r > 0.
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Ifv(e) <0 orv(b) +v(c) < —2r, then
Orb((/% u, VT)7 1K’S,§r ® 1O$><(O})V7 S) =0

holds identically for all s € C.

Otherwise define

Ry (F) = i (|08 | et | )

where
N := min (v(e), % +r,u(d—a) + 7") .

Also, if v(d — a) <wv(e) —r and v(b) + v(c) > 2v(d — a), then additionally define

C(uvT)(k) = min (k — (2v(d —a) — v(b) + 1),

(2v(e) +v(c) = 2v(d — a) — ) — k,v(e) —v(d — a) — ).

Otherwise define ¢, yv7)(k) = 0. Then we have

2v(e)+v(c)+r
Orb((vy,u,v'), Igy ., s) = Z (—1)F <1 +qg+¢ 4+ q“m,u,vT)(k)) (¢)F
k=—(v(b)+r)
2v(e)+v(c)—2v(d—a)—r
+ Z (—1)kc(%u7vT)(k?)qv(d_a)+r(qs>k-

k=2v(d—a)—v(b)+r

Differentiating this yields the following result:

Corollary 1.3.2 (Derivative at s = 0 for Sy(F') x V5 (F)). Retain the setting of Theorem 1.3.1.
Also define » = v(e) — (v(d —a) +r). If both ¢ > 0 and v(b) + v(c) > 2v(d — a), then we

have the formula

(_1)v(c)+r

T
1.
lqu aOI‘b((’y,u,V )7 K

her)
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N
_ Z <2v(e) +v(62) +v(c) +1 e 2]') »

=0
_ o 2 if =0 (mod 2)

<v(e)+w—20(d—a)—r>—§ if =1 (mod 2).

Otherwise we instead have the formula

N
(—1)vetr - 2v(e) +v(b) +v(c) + 1 , ,
Wﬁ Orb((y,u,v ), 1gy_ ) = ; 5 +r—25)-¢.
The formula simplifies even further if one considers instead 1 KL T 1 Kl o1y and indeed

we will see that this particular combination comes up naturally in Chapter 15 with a special

role as the base change mentioned in [LRZ24, Lemma 7.1.1].

Corollary 1.3.3 (The special case d Orb((vy,u,v'), g _ + g, <<7-71>))' Retain the setting
of Theorem 1.3.1. Also define = v(e) — (v(d —a) +r). Forr > 1 define

= if 2 >0 is odd and v(b) 4+ v(c) > 2v(d — a)

oo %+v(b)+”(c)2_2”(d_“)_1 if >0 is even and v(b) + v(c) > 2v(d — a)
v(e) = N if v(e) > % + 7 and 2v(d — a) > v(b) 4+ v(c)
0 otherwise

\
,

C+1 ifx>0 andv(b)+v(c) > 2v(d—a)
C' =

0 otherwise.
\

Then

(_1)v(c)+r

T
lqu aorb((’%uav )71Ké,§r+1K’ )

S,<(r—1)

(T D)+ O+ O
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Example 1.3.4 (Examples of Corollary 1.3.3). We show some examples of Corollary 1.3.3:

e When r = 5, v(b) = —20, v(c) = 37, v(e) = 35 and v(d — a) > M = 8.5 the

derivative in Corollary 1.3.3 equals
logq-(23¢° + ¢ +¢" +¢" +¢" + -+ g+ 1)

e When r =6, v(b) = 10, v(c) =5, v(e) =7, v(d — a) > v(e) — r = 1, the derivative in

Corollary 1.3.3 equals
—logq (" +¢"+¢"+--+q+1).

e When r = 8, v(b) = —101, v(c) = 1000, v(e) = 29, v(d — a) = 11, the derivative in

Corollary 1.3.3 equals

log q - (444¢" +445¢" + " + ¢ + ¢ + -+ ¢+ 1).

1.3.2 Kernel and image results for the semi-Lie orbital integral when
n =2

As we mentioned our earlier conjecture Conjecture 1.2.4 is true for n = 2. More precisely, we

have the following two theorems.

Theorem 1.3.5 (9 Orb is injective even for fixed v € So(F)). Fiz any (v,u,v') € (Sy(F) x

V3(F))w- Then there doesn’t exist any nonzero function ¢ € H(S2(F)) such that

0 Orb ((”y, u,w'v'), ¢) =0

holds for every integer i. Thus Conjecture 1.2.4 holds for n = 2.
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In particular, for n = 2 the map

D Orb: H(Sy(F)) = C* ((So(F) x VJ(F))7)

o — ((7, u,v')— d0rb ((7, u,v'), gb))

is indeed injective.

Theorem 1.3.6 (The kernel of 9 Orb is large for fixed (u,v') € VJ(F)). Let N >0 be an
integer. Consider all (y,u,v') € (Sy(F) x V3 (F)) for which v(uv') < N. Then the space
of o € H(S2(F)) for which

0Orb ((v,u, v, qzﬁ) =0

holds for all such (y,u,v") is a Q-vector subspace of H(Sa(F)) whose codimension is at most
N +2.
Moreover, this subspace of H(S2(F')) is not contained in any mazimal ideal of H(S2(F))

when H(S2(F)) is viewed as a ring under the isomorphism of Chapter 4.

Remark 1.3.7 (On formalizing large kernels). In each case the Hecke algebra is isomorphic as
a Q-algebra to Q[T for a single variable T'=Y + Y ~!. So actually it’s mildly surprising that
we get a result on finite codimension. In general, a finite codimension vector subspace of Q[T
could be contained in a maximal ideal, such as the codimension one subspace TQ[T| C Q[T]].
Conversely, a finite dimension vector subspace might still not be contained in any maximal
ideal, such as the one-dimensional space Q C Q[T7.

Thus neither finite codimension nor generating all of Q[T] as an ideal imply each other.
It might be interesting to consider other different ways of formalizing the notion of “large

kernel”.
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1.3.3 The geometric side of the semi-Lie AFL conjecture for n = 2

On the geometric side, we were also able to determine the intersection numbers subject to

the provisionsal Conjecture 14.4.4.

Theorem 1.3.8 (Semi-Lie AFL for the full Hecke algebra for n = 2). Assume Conjec-

ture 14.4.4. Then our generalized AFL conjecture, Conjecture 1.2.2, holds for n = 2.

The proof of Theorem 1.3.8 is built up gradually throughout the paper, culminating in
Chapter 15.
We comment briefly on the strategy of the proof. The proof is made possible because the

intersection numbers for n = 2 are easier to work with for a few reasons.

e First, one can identify V5 with an E/F-quaternion division algebra, equipped with a
compatible Hermitian form defined via quaternion multiplication. This makes it possible
to describe U(V5 ) concretely as transformations obtained via left multiplication by an

element of E and right multiplication by a quaternion.

e Secondly, it becomes possible to replace the so-called Rapoport-Zink spaces Ny used
in the definition of the intersection number with a Lubin-Tate space My. Thus the
problem of computing the intersection number Int ((g,u), f)log ¢ can be reduced to
calculating the intersection of certain special Kudla-Rapoport divisors on the space

M.

However, on the Lubin-Tate space M, there is a result known as the Gross-Keating
formula |[GK93| which allows one to make this intersection number fully explicit. One
can then match the resulting equation to the formulas described in Corollary 1.3.2 and
verify that, under the base change Chapter 4 and the matching condition described in

Chapter 3, the two obtained formulas are identical.

The hypothesis Conjecture 14.4.4 is a stipulation that the pullback of two of the divisors

behaves in the way one would expect.
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1.3.4 Results for n = 3 for the group AFL

For the group AFL, we were able to fully compute the orbital integral as well. The result is

too involved to state in the introduction, but we give the following summary.

Theorem 1.3.9 (Summary of the weighted orbital integral for S3(F')). Let v € S5(F)-

Then the weighted orbital integral Orb(vy, ¢, s) takes the form
> Pulg)(—q")"
k

for some polynomials Py(q) € Z[q|, where

e the summation variable k is some contiguous range of integers,

e the polynomials Py, € Z|q| are nonzero and satisfy the property that every coefficient of

Py besides possibly the leading coefficient is 1;

e both deg Py, and leading coefficient of Py are the integer parts of piecewise linear functions

in k with slopes in {0, i%, +1}.

The range of the summation, and the aforementioned piecewise linear function(s), can be

written explicitly in terms of a particular representative in the orbit of 7.

For a full statement, see Theorems 5.5.2, 5.5.7 and 5.5.10. The calculation corresponds
directly to the earlier results [LRZ24, Lemma 7.1.1 and Proposition 7.3.2] which were the
case n = 2 of the inhomogeneous group version of the AFL (note what [LRZ24]| calls n is
n + 1 in our notation). The methods, which are local in nature, are rather similar to those

employed in [Zhal2|, which can be thought of as the case r = 0.

Remark 1.3.10 (Theorem 1.3.9 applies to Theorem 1.3.1). Interestingly, the formula Theo-
rem 1.3.1 for (y,u,v") € (Sa(F) x VJ(F)),s actually fits the same template as Theorem 1.3.9,
although the semi-Lie formula is more pleasant. We do not have a good explanation why the

shapes of the orbital integrals end up being so similar.
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We were also able to determine the relevant base changes in Chapter 4. However, we did
not complete the comparison on the geometric side in this situation. Thus we do not claim a
proof of n = 3 of Conjecture 1.2.1, although we imagine such a proof could be completed
once a method for determining the intersection numbers explicitly is devised. On the other
hand, the orbital data is enough to prove the following result, which serves as an analog to

Conjecture 1.2.4.

Theorem 1.3.11 (0 Orb: H(S3(F)) — C®(S5(F),.) has large image). There is no nontrivial
¢ € H(S3(F)) such that
90rb (v,9) =0

holds for every v € S3(F). In other words, the map

0O0rb: H(S3(F)) — C™(S3(F),)
¢ = (7= 90rb(v,9))
1s injective, i.e., has image as large as possible, for n = 3.

Remark 1.3.12 (Comparison to [LRZ24, Conjecture 1.0.2]). Note that Theorem 1.3.11 does
not falsify [LRZ24, Conjecture 1.0.2], because the conjecture in loc. cit. is formulated for a
larger Hecke algebra H(S,—1(F)) @ H(S,(F')). Meanwhile, here we have only considered an

inhomogeneous version of the AFL where the first component is 1x.

1.4 Roadmap

The rest of the paper is organized as follows.

1.4.1 Background information

The paper begins with some general background information.
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e In Chapter 2 we provide some preliminary background on the spaces appearing in the

overall paper and the Hecke algebras H(U(V;)) and H(S,(F)).

e Further background is stated in Chapter 3, where we describe the matching of regular

semisimple elements so that we may speak of S,,(F) and (S, (F) x V/(F))..

e In Chapter 4 we provide reminders on the Satake transform. We also derive concrete
formulas for base change when n = 3 (in comparison, the analogous results for n = 2 are

[LRZ24, Lemma 7.1.1]); but these formulas are only used towards the end of Chapter 11

later.

1.4.2 Introduction and calculation of the orbital integrals

We then proceed to introduce the orbital integrals.

e In Chapter 5 we introduce the weighted orbital integral for the group version of the
AFL for full spherical Hecke algebra, and state the parameters to be used for concrete
calculation in Lemma 5.3.3. In Chapters 6 and 7 we prove Theorem 1.3.9 by providing
the full formulas Theorems 5.5.2, 5.5.7 and 5.5.10.

e In Chapter 8 we introduce the weighted orbital integral for the semi-Lie version of
the AFL for full spherical Hecke algebra, and state the parameters to be used in
Lemma 8.4.2. The analogous calculation is in Chapters 9 and 10, which is used to prove

Theorem 1.3.1 and its corollaries.

1.4.3 Large kernel and image

Having completely computed the orbital integrals in these cases, we take a side trip in
Chapter 11 to prove the large image results asserted. We establish Conjecture 1.2.4 for
n = 2 by proving the asserted Theorem 1.3.5 and Theorem 1.3.6 for the orbital integral on
(S2(F) x V3(F)).. We also prove Theorem 1.3.11 for the orbital integral on S3(F)..
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1.4.4 Geometric side

We then turn our attention to the other parts of the two versions of the AFL. In addition to

stating the relevant definitions, the subsequent chapters aim to prove Theorem 1.3.8.
e In Chapter 12 we briefly define the transfer factors w € {£1}.

e In Chapter 13, we describe the Rapoport-Zink spaces N,, that the geometric side is
based on, and define the intersection numbers Int((1, g), 1 ® f) and Int((g, u), f) that
appear in the two version of the generalized AFL. The main ingredients are the Hecke

operator introduced in [LRZ24] and the KR-divisor Z(u) introduced in [KR11].

e In Chapter 14, we specialize to the situation n = 2 for the intersection numbers in the
semi-Lie AFL only. The Rapoport-Zink space N5 become replaced with Lubin-Tate
space My, and we introduce the Gross-Keating formula that will be our primary tool

for the calculation.

Finally, in Chapter 15 we tie everything together and establish Theorem 1.3.8.

An approximate dependency chart between the chapters is given in Figure 1.2.
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2. Background

4. Base ChangeQ%/ 3. Matching » 12. Transfer
5. Group orbital > 11. Large kerne><8.8emi-Lie orbital

6-+7. Group orbital proof 9-+10. Semi-Lie orbital proof

13. Int numbers

|

14. Gross-Keating — 15. Prove Theorem 1.3.8

Figure 1.2: Dependency chart of the chapters in this paper, arranged to loosely resemble the
Batman logo.
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Chapter 2

(General background

2.1 Notation

We provide a glossary of notation that will be used in this paper. As mentioned in the
introduction, p > 2 is a prime, F' is a finite extension of Q,, and E/F is an unramified

quadratic field extension.

e For any a € E, we let a denote the image of a under the nontrivial automorphism of

Gal(E/F). (Hence a = a exactly when a € F'.)

Fix ¢ € O such that E = F[\/¢].

Denote by w a uniformizer of O, such that @w = w.

Let ¢ == |Op/w@| be the residue characteristic. (Hence |Og/w| = ¢*.)

Let v be the associated valuation for w.

Let n be the quadratic character attached to E/F by class field theory, so that

n(z) = —1v@.

Vi denotes a split E/F-Hermitian space of dimension n (unique up to isomorphism).
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e Let (3 denote the n x n antidiagonal matrix

and pick the basis of VI such that the Hermitian form on V; is given by

VixVi—E (z,y) — 2" By.

e Set

U(V}) ={g € GL.(Og) | "By = B}

the unitary group over V.'. Note that /3 is antidiagonal, in contrast to the convention
B = id, that is often used for unitary matrices with entries in C. The natural

hyperspecial maximal compact subgroup is
U(V,) N GL,(Op).
In some parts of the paper we abbreviate G = U(V;}') and K = U(V;") N GL,(Og)

following the convention in [LRZ24].

o Let K’ := GL,(Og) denote the hyperspecial maximal compact subgroup of G’ :=
GL,(E).

e Let V. denote the non-split E/F-Hermitian space of dimension n (unique up to
isomorphism), and U(V, ) the corresponding unitary group. This space will be realized

in Chapter 13.
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2.2 Intersection of disks in an ultrametric space

The following two lemmas will be useful for both versions of the orbital integral. It is a slight

rephrasing of [Zhal2, Lemma 4.4].

Lemma 2.2.1 (One-disk volume lemma). Let & € Of, p € Z, and n > max(p, 1) an integer.

Then

Vol({x € E|v(l —2Z) =n, v(z —&) > p})

(

0 if (1 — €8 < p
=3¢ "(1-q7?) if p<0

(1 —q) ifo(l-€) >p> 1

Proof. When p < 0, the condition v(x — §) > p is vacuously true, so we just are computing
Vol({z € E|v(l —2z) =n}).
However, in general for any Schwartz function ¢ on E we have an identity

where x; is any choice of element x; € F such that ¢t = 2,7, (see the proof of [Zhal2, Lemma

4.4]). Note the measures here are additive despite t € O. So if one selects

2/)(33) = 1U(1—N(ac)):n

then we get

: / /
1 vy, dydt
1—q7t Jier yeoy v(1-N(ze-2))=n
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1
= 1 / / ]-v(l—t):n dy dt
l—¢q teF JyeOg

Volg (0% o x
1-% 1
_ a -n _ =
C1l—g! (q (1 Q>)
=q "(1—q?).

The case p > 0 is proved in [Zhal2, Lemma 4.4] using the same method of using (2.1). O

We also comment on the well-known fact that in an ultrametric space, any two disks are

either disjoint or one is contained in the other. See Figure 2.1.
Lemma 2.2.2 (No ultrametric MasterCard logo). Choose &1,&, € E and py > py. Consider

the two disks:

Dy={z e Efv(x—&)=p}
Dy ={z € E|v(z—&) = pat}.
Then, if v(§1 — &) > p2, we have Dy C Dy. If not, instead D1 N Dy = &.

Proof. Because FE is an ultrametric space and Vol(D;) < Vol(Ds), we either have D; C Dy
or Dy N Dy = @. The latter condition checks which case we are in by testing if & € Ds, since

& € Dy O
We package both of these results together in this lemma that will be used repeatedly.
Lemma 2.2.3 (Two-disk volume lemma). Let &,& € Of and let p; > po be integers. Also

let n > max(py, 1) be an integer. Then the set of points © € E satisfying all of the equations

v(r —&1) > p

v(r —&2) > po
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q_pQ

€2

Figure 2.1: Figure corresponding to Lemma 2.2.2.

v(l —2T) =n

has positive volume if and only if

v(1—&&) > pa, p2 < v(€1 — &)

In that case, the volume is equal to

g (1 —q7t) ifpr >1

(1—q?)  ifp <0

In the situation where §; ¢ Oy, the quantity v(z—¢;) = min(0, v(;)) becomes independent
of the value of z, and so Lemma 2.2.3 becomes unnecessary (Lemma 2.2.1 will suffice). We

will deal with this situation when it arises; it turns out this will only occur when v(b) # 0.
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2.3 The spaces S,,(F') and S, (F) X V!(F)

For the analytic side of the two AFL conjectures we investigate, the following two spaces will

be used as inputs to our weighted orbital integrals.

Definition 2.3.1 (S, (F); [Zha24a, (4.10)]). We define the symmetric space
Sn(F) ={g € GL,(E) | gg =id,} .
It has a natural left action of GL,(E) by

GL,(E) X S,(F) = Su(F)

g7 =975 "
Definition 2.3.2 (V/(F); [Zha24a, (4.11)]). We set

V/

(F) = F" x (F")

where —Y denotes the F-dual space, i.e., (F™")Y = Homg(F", F). Then we may also consider

the augmented space

Su(F) x VI(F).

If we identify F™ with column vectors of length n — 1 and (F™)¥ with row vectors of length n

then we have a left action of GL, (F') by

GL,(F) X (Su(F) x V))(F) = Su(F) x VI(F)

h-(v,u,v') = (hyh™' hu,v hh).
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Note that according to the embedding

S (F) x V!(F) < Mat,,(E)

we can consider elements of S, (F') x V/!(F') as elements of Mat,;;(FE) too. In that case the

action of h € GL,11(F) coincides with h - g — hgh™! as well.

Definition 2.3.3 (Kg). For brevity, let

2.4 Definition of Hecke algebra

We reminder the reader the definition of a Hecke algebra. For this subsection, G will denote

any unimodular locally compact topological group, and K any closed subgroup of G.

Definition 2.4.1 (H(G, K)). The Hecke algebra
H(G, K) = Q[K\G/K]

is defined as the space of compactly supported K-bi-invariant locally constant functions on
G. (The adjective spherical Hecke algebra refers to the special case where K is a maximal
compact subgroup of GG, which is the main case of interest for us.)

Given two such functions f; and f; in H(G, K), one can consider define the convolution

(fi* f2)(g / filg™ Lo ) fa(
which makes H(G, K) into a Q-algebra, whose identity element is 1.
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In other sources, this may be denoted Hx(G) or even just Hy. (So what is written in
Hyner in other places will be written as H(G” ®@ G, K” ® K') here).
In the case where G is a reductive Lie group and K is the maximal compact subgroup (or

more generally whenever (G, K) is a Gelfand pair), this Hecke algebra is actually commutative.

2.5 The specific Hecke algebras H(GL,(E)) and H(U(V}))

and the module H (S, (F))

For our purposes, we define shorthands for two specific Hecke algebras that will come up

consistently:

H(GL,(F)) = H(GL,(E), GL,(Og))

H(UV,)) =HUV;), UV]) N GL.(Op)).

Note that GL,(Og) and U(V;}) N GL,(Og) are the natural hyperspecial maximal compact
subgroups of GL, (F) and U(V;), respectively.
Now the symmetric space S, (F') is not a group, so it does not make sense to define the

same thing here. Nevertheless, we introduce
H(Su(F)) = CZ(Sa(F)™

as the set of smooth compactly supported functions on S, (F') which are invariant under the
action of K’ C G'; this is an H(GL,(F))-module, where the action of f € H(GL,(F)) on
¢ € H(S,(F)) is given by

(00 = [ 16l ) dg

for v € S,(F). This does not have a multiplication structure at the moment, a priori.

However, we will later (in Chapter 4) give an isomorphism from H (S, (F)) to H(U(V;)) as
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Q-vector spaces; since the latter is a Q-algebra, this induces a multiplication structure on
H(S,(F)) and consequently we may speak of H(S,(F)) as a ring under this isomorphism.

Throughout this paper, to be consistent with the notation, we denote
e clements of H(U(V;)) using f or f; or similar (i.e. lowercase Roman letters);

e clements of H(GL,(E)) by f’ or f! or similar (i.e. lowercase Roman letters with

apostrophes);

e clements of H(S,(F')) by ¢ or ¢; (i.e. lowercase Greek letters).
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Chapter 3

Regular semi-simplicity and matching

3.1 Regular semi-simple elements

We first recall the notion of regularity that first appeared in [RS07, §6].

Definition 3.1.1 (Regular semisimple in Mat,,(£)). Consider a n x n matrix

A u
€ Mat,,(E)

vl d
where A is an (n — 1) x (n — 1) matrix. Then we say this matrix is reqular semi-simple if

<u, Au,. .. ,A"_2u>

and

<VT, viA, ... ,VTA"_2>
are each a basis of E"~!. Equivalently, the matrix

[VTAi+j—2u] ?;:11
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should be nonsingular.

Remark 3.1.2 (Equivalent definition of regular semisimple). In [RS07, Theorem 6.1], this
definition is shown to be equivalent to requiring that, under the action of conjugation by

GL,_1(E):

e the matrix has trivial stabilizer; and

e the GL,_;(FE)-orbit is a Zariski-closed subset of GL, (E).
Here E is as usual an algebraic closure of E.

Remark 3.1.3 (Invariants under GL,_1(E) conjugation; [RS07, Proposition 6.2|). It turns

out we can detect whether two regular semisimple elements

A u As u
LT T e Matu(B)

VI d1 V;— dQ

are conjugate by an element of GL,,_1(F). This happens if and only if the following conditions
all hold:

e The matrices A; and Ay have the same characteristic polynomial,

e We have
VIAZ‘lul = V;—AZQUQ
for every i =0,1,...,n — 2; and
e We have d; = ds.
Thus, this gives a set of invariants that completely classify the orbits under the action of
GL,_1(E).
Put another way, the invariants of

A u
€ Mat,,(E)

vl d
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are the (monic) characteristic polynomial of A (which has n — 1 coefficients besides the
leading coefficient), the values of v Au for i =0,...,n — 2 and the number d, for a total of

2n — 1 numbers.

We can now speak of regular-simplicity in each of the four particular cases relevant to

this paper.
Definition 3.1.4 (Regular semisimple). In the group version of the AFL:

e We say v € S,(F) is regular semisimple if its image under the inclusion S, (F) C

Mat,, (E) is regular semisimple. We write v € S,,(F),s.

e For g € U(VE), we say g is regular semisimple if its image under the inclusion U(V) C

Mat, (E) is regular semisimple. We write g € U(VE),.
In the semi-Lie version of the AFL:

e Wesay (v,u,v') € S,(F)xV/(F)is regular semisimple if its image under the embedding

Sn(F) x V!(F) < Mat,+1(E)

u (3.)
(vu,vh) =
vl 0
is regular semisimple. In other words, we require that both of the sets (u,yu...,y" 'u)
and (v, vTy,...,vTy"!) are bases of E™. In this case we write (y,u,v') € (S,(F) x

Vi (E))rs:

e For (g,u) € U(VE) x V& we say (g,u) is regular semisimple if its image under the
embedding
U(VE) x VE — Mat,,1(F)

u (3.2)

(g,u) —
u* 0
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is regular semisimple. Here u* is the conjugate transpose.

This is equivalent to the set (u, gu, ..., ¢" tu) being linearly independent (i.e. form a

basis of V); in this case the independence of (u*,u*g,...,u*¢g"!) is redundant, so it’s

enough to verify one condition. We write (g, u) € (U(VE) x Vi),

3.2 Matching in the group version of the inhomogeneous
AFL

We now describe the matching condition used in the group version of AFL.

Definition 3.2.1 (Matching S, (F),s +— U(V),; |[Zhal2, p. 202]). We say v € S, (F).s
matches the element g € U(VE), if ¢ is conjugate to v by an element of GL,_;(F). By

Remark 3.1.3, this is an assertion that the invariants for v and ¢ coincide.
In that case, we have the following result.

Proposition 3.2.2 (|Zhal2, Lemma 2.3|; see also [LRZ24, (3.3.2)|). This definition of

matching gives a bijection of reqular semisimple orbits
[ (F)]ss = [U(V)]s LUV rs-

Moreover, we can detect whether v € S, (F)ys matches an orbit of U(V])y or UV, )y as

follows. Suppose we write v in the format of Definition 3.1.1 and consider
A = det [v' A7 u] 73;11 #0.
Then

e v matches an orbit in U(V})s if v(A) is even;
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e v matches an orbit in U(V_ ) if v(A) is odd.

In this paper, Conjecture 1.2.1 requires that v should match an element of U(V. ), and
consequently we will usually only be interested in the latter case. We write the following

abbreviation:

Definition 3.2.3 (S,(F)%). We let
Sn(F) s C Sn(F)ss

denote the subset of elements in S, (F'),s that match with an element in U(V; ). Define

Sn(F)f similarly. Hence S, (F ), = Sp(F) IS, (F)L.

rs

3.3 Matching in the semi-Lie version of the AFL

For the semi-Lie version matching is defined analogously:

Definition 3.3.1 (Matching (S,(F) x V/(F))ws <— (U(VE) x Vi), [Liu2l, §1.3]). We say

(v,u,v") € (S,(F) x V!(F)), matches the element (g,u) € (U(VE) x V), if their images

under the embeddings (3.1) and (3.2) are conjugate by an element of GL,,(F).
Unwrapping this with Remark 3.1.3, an equivalent definition is to require both of the

following conditions:

e As elements of GL, (E), both g and ~ have the same characteristic polynomial.

e We have v viu = (giu,u) for all 0 <i <n — 1, where (—, —) is the Hermitian form on

VE.

n

We have the following analogous criteria for matching.

Proposition 3.3.2 (|Liu2l|). This definition of matching gives a bijection of reqular semisim-

ple orbits
[Su(F) x Vo(F)]is = [U(Vy) x VT IL[U(V,) X Vi
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Moreover, we can detect whether (y,u,v') € S,(F),s matches an orbit of (U(V}) x V)5 or

(U(V) x V) as follows: consider the determinant
A = det [v'y"2y] ijl # 0.

Then
e v matches an orbit in (U(V}) x V1) if v(A) is even;

e v matches an orbit in (U(V,) x V) if v(A) is odd.

In this paper, Conjecture 1.2.2 requires that (7,u,v') should match an element of

(U(V)) x V)5 and consequently we will usually only be interested in the latter case.

n

Accordingly we write the following shorthand:

Definition 3.3.3 ((S,(F) x V!(F))%). We let
(Sn(F) X Vi(F)is C (Sa(F) x Vi(F))rs

denote the subset of those elements in (S, (F) x V/(F)),s that match with an element
of (U(V,)) x V. )s. Define (S,(F) x V/!(F)){; analogously. Hence (S, (F) x V/(F)),s =

s

(Sn(F) X Vi(F)) g (S (F) x V()5
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Chapter 4

Base change

This section introduces necessary background material on the base change

n—1
BCY : H(S,(F)) = H(U(V))).
Throughout this section we let Sym(n) denote the symmetric group in n variables with

order n! (since S,(F) C GL,(F) is already reserved for the symmetric space).

4.1 Background on the Satake transform in general

We recall a general form of the Satake transform, which will be used later.

For this subsection, G will denote an arbitrary connected reductive group over some
non-Archimedean local field F'. We will not distinguish between G and G(F) when there is
no confusion.

To simplify things, we will assume G is unramified; but we do not assume G is split.

Introduce the following notation:

e Let K be a hyperspecial maximal compact subgroup of G (it exists because G is

unramified).
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e Let A denote a maximal F-split torus in GG. All the maximal F-split tori in G are

conjugate; let A denote one of them.
e Let M be the centralizer of A; this is itself a maximal torus in G.
e Let °M = M(F)N K be the maximal compact subgroup of M.
e Let P denote a minimal F-parabolic containing A.

e Let § denotes the modulus character of P. It can be describes as follows. Let w denote
a uniformizer for ' and ¢ the residue characteristic. Then if p is the Weyl vector and p

is a positive cocharacter, then

o(p(@)) =g~ W,

e Let N denote the unipotent radical of P.
e Let W be the relative Weyl group for the pair (G, A), which acts on H(M,°M).
We can now state the Satake isomorphism.

Definition 4.1.1 (Satake transform). The Satake transform is a canonical isomorphism of
Hecke algebras
Sat: H(G, K) — H(M,° M)W

which is given by defining

VI

(Sat(f))(t) = 8(1) /N f(nt) dn

for each t € M.

We are going to apply this momentarily in two situations: once when G is the general

linear group (which is split), and once when G is a unitary group.
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4.2 The Satake transform for the particular Hecke alge-
bras H(GL,(FE)) and H(U(V'))
To take the Satake transform of H(U(V;)), we define the following abbreviations.

e Let T" denote the split diagonal torus of GL,,.

o Let
4 3\
1 x .. *
1 *
N = C GLn(E)
1
\ Vs

denote the unipotent upper-triangular matrices.
Similarly for H(U(V;)):
e Set m = |n/2] for brevity.

o [et

A = {diag(z1, ..., Tm, Lpom, 2}, ... 27 )}
so that A(F') is a maximal F-split torus of U(V;").
e Let N := N'N G denote the unipotent upper triangular matrices which are also unitary.
e For brevity, let W,,, .= (Z/2Z)™ x Sym(m) be the relative Weyl group of (G, A).

We can now introduce the Satake transform for our two bona fide Hecke algebras, using
the data in Table 4.1.

Hence, the Satake transforms obtained can be viewed as

Sat: H(GL,(E)) = Q[T(E)/T(Og))»™™
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Group G' = GL,(E) G =U(V})

Local field E F

Hyperspecial compact K' = GL,(Og) K =GN GL,(Og)

Max’l split torus T(E) A(F)

Centralizer of split torus T(Og) A(Op)

Parabolic (Borel) Upper tri in G’ Upper tri in G

Unipotent rad. of parabolic N’ (unipot. upper tri) N (unipot. upper tri)
Relative Weyl group Sym(n) Wy = (Z)27)™ x Sym(m)

Table 4.1: Data needed to run the Satake transform.

~

Sat: H(U(VH)) = Q[A(F)/A(OF)]Wrm

(In both cases, the modular character § 1/2 gives rational values, so it is okay to work over Q.)
To make this further concrete, we remark that the cocharacter groups involved are free
abelian groups with known bases. This identification lets us rewrite the right-hand sides

above as concrete polynomials. Specifically, we identify

~

QIT(E)/T(Og)™™™ & QX7 ..., X;]svm

by identifying X; with the cocharacter corresponding to injection into the i*" factor. Similarly,

we identify
QA(F)/A(OR)" = QIYE, ... Y "

by identifying Y; + Y;~! with the cocharacter corresponding to

x> diag(l,...,2,...,27 " ... 1)

where z is in the i*! position and 27! is in the (n — )" position, and all other positions are

1. Here Q[Y/,...,Y,5]"n denotes the ring of symmetric polynomials in Y; + Y, *.
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So, henceforth, we will consider

Sat: H(GL,(E)) = Q[XT,..., XE)Sm®)

Sat: H(U(V)) = Q[vE, ... Vi,

4.3 Relation of Satake transform to base change

Let
BC: H(GL,(E)) — H(U(V,))

denote the stable base change morphism from GL, (E) to the unitary group U. The relevance
of the Satake transform is that (see e.g. [Les23, Proposition 3.4]) it gives a way to make this

BC completely explicit: we have a commutative diagram

H(CL,(E)) —55 QIXF, ..., XE[Smi

[ Jsc

HUV)) —=— QY Y™
Here the right arrow is also denoted BC following [LRZ24] (although it is denoted v in [Les23]|).

This gives a way in which we can concretely calculate the map BC in some situations.

n—1
4.4 The map BC{

Before we can define the map BCZ:L;1 we need one more piece of notation. Consider the

following map.

Definition 4.4.1 (proj). Denote by proj: GL,(E) — S, (F') the projection defined by

proj(g) = gg_ .
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Then proj induces a map

proj,: H(GL,(E)) = H(S.(F))

proi.(f) (o5) = | flgh)an
GLn (F)
by integration on the fibers. A similar twisted version by 7

proj”: H(GL,(E)) — H(S.(F))

proj(f") (957") = /G e an

v(det g)

is defined analogously, where as before n(g) = (—1) in a slight abuse of notation.

Then Leslie [Les23| shows the following result.

Theorem 4.4.2 (|[Les23, Theorem 3.2 and Proposition 3.4]). Both maps proj, and proj”

induce isomorphisms

BCs, : H(S,(F)) = H(GL,(E))

n—1

BCY " H(S,(F)) = H(GL,(E))

such that

BC = BCg, o proj,

-1

BC = BCg:fl o proj””

We take these isomorphisms promised by this theorem as the definition of BCg, and
n—1

BCY  in our conjectures (noting when n is odd they coincide, as "' = 1).

When combined with the Satake information we have, we get the following diagram.
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H(GL,(E)) 22 QX ..., XF)Smn)

[ Jsc

proft” | H(U(VE)) —2 s QYE, ..., VAW
NTBCZZ_I
H(S,(F))

4.5 Calculation of BCg, when n = 3

The goal of this section is to make the base change fully known in the special case n = 3,

1

where m = |n/2] = 1. (In this case BCZ:_ = BCg, as n* = 1.) The completed result is
Proposition 4.5.4.

This calculation parallels the n = 2 case that was done in [LRZ24, Lemma 7.1.1]. However,
we will not use these results again later on. When it is not more difficult, some of the results

will be stated for all n, rather than n = 3 specifically.

4.5.1 Overview

Throughout this subsection, we use the shorthand
o(mmemns) diag(w™, @", ™).

As a Q-module, the spaces H(U(V;)) and H(S,(F')) have a canonical basis of indicator

functions indexed by Z:
o H(5,(F)) has Q-module basis 15 for j > 0.

e H(U(V;})) has a Q-module basis given by the indicator functions

1, Mat(Og)NU(V;))

for r > 0.

67



On the other hand, the natural Q-module basis for H(GL,(F)), namely

1K’w("1 N9 ,n3)K/

is given by triples of integers n; > ny > ng > 0, and is much larger. So explicit calculations
for the proj, or the Satake transforms viewed in C[X;, X5, X3]%™™ are nontrivial if one
works with the entire basis.

Hence the overall strategy, to reduce the amount of work we have to do, is to focus on

only the Z-indexed elements

Lata(©Op)wodet=r = Y Liomtumngr € H(GLa(E))

n1>nz>ns3
ni+n2+ng=r

for r > 0. This aggregated indicator function is easier to compute, because given an explicit

matrix it is somewhat easier to evaluate

1Mat3 (Og),vodet=r

at it (one only needs to check it has Og entries and that the determinant has valuation r,

rather than determining the exact coset K'co(":m2m3) K,

4.5.2 Satake transform of the determinant characteristic function

on the top arrow

This is the easiest calculation, and we do it for all n rather than just n = 3.

Proposition 4.5.1 (Satake transform for v o det = r). For every integer r > 0, we have

Sat(]-Matn(OE),vodet:r> = q(n—l)r Z X1€1 . XE"

e1t+en=r
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Proof. We evaluate the coefficient X7* ... X", Choose a cocharacter p, and suppose p(w) =
w(e1-n) with ny > ny > ns. Let gg = ¢ be the residue characteristic of E. Take the upper
triangular matrices as our Borel subgroup as usual, so the unipotent radical of this Borel

subgroup are the unipotent upper triangulars N’ which we describe as

(
1 vi2 vis -0 Y
I 93 ... Yon
N’ = 1 oo Y3y ‘y127--'7y(n—1)n€E
1
\ J

and with additive Haar measure is dyj2 dyas ... dym—1). Recall also the Weyl vector for

GL,(F) is just

n—1n-—3 n—1
PGL,(E) = 5 9 T o .

Compute

Sat(lMatn(OE),vodet:r) (M(w))

= 5(”(@))% / ]-Matn Op,vodet=r) (H(TD)TL,) dn’
n'eN’

”/ Lo
y12€E y13€E Y(n— 1)n€E

(g) 1ntegrals

el €1

e e
w™ WYy w13 ... W WYn
e e e
w2 WYz ... WYy,
]-Matg(OE),vodet:r s . we?’ygn
wn

dyrodyss . .. dy(n—l)n
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_ (ParrBareragie)
=dg er+--+en=r s
y12€E Jyi13€E Yn-1)n€EE
A >y
vV

(g) integrals

[T 1os(=“y) dys;

1<i<j<n
_ (et rtetsgte)
=d4p lejtten=r H dg
1<i<j<n
—(Fret+ et t—t5ten) (n—i)e;
= (g leytoten=r dg
1<i<n
n n—1
_ T3 Ci
= leygopen=r H 4g
1<i<n
n—1
_ 2z
=45 letote,=r
n—1 .
gz" fer+--+e, =7
0 otherwise.
This gives the sum claimed earlier. O]

4.5.3 Satake transform of the indicator on the bottom arrow

Proposition 4.5.2 (Satake transform for ™" Mats(Og) N U(V3)). For each r > 0 we have

2r—1r§i mo: +i
Sat (1w7rMat3(OE)ﬁU(V§)> = Z q Yy
=0

where we adopt the shorthand

Proof. We first need to describe

N =N'nNUV)
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a little more carefully. For n € N’ we have

1 Iy oy 1
n'fn= g 1 5 1 ys| = 1 Y3 + U1
v2 yz 1 1

I yi+93 y2+ 92+ ys3u3

So n € N if and only if the above matrix equals 3, which means

0=y3+ 11 = Y2+ Y2+ Y3y

Then we can re-parametrize by zq, 2o, 23 € F' according to

y3221+22\/g

2 2

z2] + z5¢
92:_%‘1‘23\/5

Y1 = —21 + 22V

Back to the original task. For each ¢ > 0 we can evaluate the Satake transform at the element

v(w) = diag(w®, 1,w™"), for the cocharacter v corresponding to Y{ + Y, %

Sat (1o suaoppurs) ) ()

1
= 0(v(w))> / N 1w—rMat3(oE)mU(V3+) (v(w)n') dn
ne

w WY1 w2

ol

= 0(v(w)) /leTMatg(OE)ﬁU(Vg') 1 Y3 dn
ne

The matrix itself is always in U(V7), because it’s the product of two unitary matrices. So

the indicator needs to check whether all the entries have valuation at least —r. If we switch

characterization to the coordinates z1, zo, 23 we described earlier, we see that the conditions
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are

1<,
v(z1) > —r,
v(zg) > —r,

U(zf + 2225) > —(r+1).

Assume ¢ < r henceforth. The condition for z; and z, then really says

min(v(z1), v(2)) > — V‘Q”J |

So the integral factors as a triple integral

1 z1)1 et 29)1 0. (23) dzg dzo dz
/zleF/Zer/zgeF _ L%JoF( 1) _ LTJoF( 2) w0, (23) dz1 dzg dzs

which is equal to

q2 L’“;”J i

Meanwhile, ¢ (y(w))% = ¢ 2. In summary,

quT;iJ—Hr i<
Sat <]‘w*’" Matg(oE)mU(V;)> (v(w)) =

Finally, since

4 ‘ 2r r + 1 1S even
2 5 —14+r=
2r—1 r+4idisodd

we get the formula claimed.
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4.5.4 Integration over fiber

Proposition 4.5.3 (Integration over fiber). For every integer r > 0, we have

pI'Oj * (1Mat3(OE),vodet:r)
T 2(r—j) . . )
. t 2(r—j)—t i
2 min (5] o+ [ )0 e
7=0 =0

Proof. The coefficient of 1 Ky, will be equal to the evaluation of the integral at any ¢ such

that gg € Kg ;. Fixing j > 0, we are going to take the choice

1 w /e

We need to check this choice of ¢ indeed satisfies g5~ € K s;- This follows as

1 —w /e 1 w /e

QI
Il
—_
=)
Il
—_

and therefore

gg_l - 1 € K{syj

as needed.

Having chosen the representative g, we aim to calculate the right-hand side of

pI"Oj * (]-Matg(OE),vodet:T) (gg) - / ]-Matg(OE),vodet:r (gh> dh.
hEGLg(F)
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We take (non-Archimedean) Iwasawa decomposition of h € GL3(F) to rewrite it as

T L vy
h = T2 T ys k
T3 1

for k € GL3(Or) C K’, which does not affect the indicator function. Here zy,xq, 23 € F*

and y1, 149, y3 € F. In that case, note that

1 w /e 1 Ly oy
gh = 1 T2 1oy |k
1 XT3 1

1 w /e T1 T1Y1 T1Ye

= 1 Ty xoyz | K

1 T3

T T TiYs + Tzw /e

= Lo T2Ys3 k.

x3

Hence, we can rewrite the proj, (Inmats(0p)vodet=r) as a six-fold integral

pI"OJ ]-Mat3 (Og),vodet= r

/xleFX LQEFX L3EFX LlGF LQGF LgEF

T1 Ty Ty +T3w IE
1Mat3(OE),vodet:r Ty T2oYs3

Z3

dxl’l dXSL’Q dX.Tg dyl dyg dyg
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Apparently the indicator function only depends on the valuations, so accordingly we rewrite
the six-fold integral as a discrete sum over the valuations «; := v(z;). Then the conditions

are that

We have Vol(w*Oj) = 1 and Vol(w *“Op) = ¢*. Hence the integral can be rewritten as

the discrete sum

Z qa1 . qoq . qag _ Z q2a1+a2

ai1+oas+tasz=r ar1t+ag<r—j
a1>0 a1>0
az>0 a>0
az>j
2(r—j) . . .
. i 2(r—j)—1 ,
— E 14— 14+ |22 =L 7)) 4
=0
as desired. O

4.5.5 Base change from H(U(Vy)) to H(S3(F))
We first need to determine an element of H(U(V;)) which is in the pre-image of
1 Mats(Og)NU(VY)

under BC: H(GL3(E)) — H(U(VY)).

For convenience, we define the shorthand

H(GL (E)) =) f/ . lMatg,(OE),vodet:r T Z 0
3 .=

0 r<0
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for every integer r. We start with the following intermediate calculation.

BC (Sat (f, — ¢*f1_1))

— BC q2r Z X?IX;LQX:?S o q2 . q2(r71) Z XIHX;TQX:?S

ni+no4nz=r ni+no+ng=(r—1)
_2r ni—mns ni—mns
=q > Yy - > Yy
ni+n2+tng=r ni+na+nz=(r—1)
_2r § niy—ns
nit+nz=r

q2r (Y'lr 4 }/17'—2 S )/1—7“) )
Replacing r with r — 1 gives

BC (Sat (£, — ¢*f}_))

_ q2r—2 <Y'17‘—1 + Y'lr—3 4ot le—(’r—l)) .
Adding the former equation to ¢ times the latter gives

BC (Sat (f+ (¢ — ¢*) fi_1 — ¢*fI_5))

_ q27’ (Y'lr + }/'17”—2 N Y'l—r> + q27"—1 <Y'1r—1 + Y'1r—3 4+t Y'l_(?"_l)>

= Sat(1,,-, Matg(OE)ﬁU(V;)>‘

This shows that

BC(f, + (¢ — q2)ﬂ—1 - qgﬂ—2> =1_ Mat3(Op)NU(VY)

so indeed f/+(q—q*)f'_1—q*f!_, lies in the desired pre-image of the map BC: H(GL3(E)) —
H(U(VY)).
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On the other hand, it is easy to check that

proj, (fi — ¢*f1_})

r 2(r—j) . . .
2r — j) — ,
5| 5 (e [3] o [
7=0 =0
2(r—1—j)

R e

[L+qg+q®+-+q 7] ey

T

o

<.

SO

/_

Proj*(fr q2f7{—1 +q (f;—l - q2f7{—3))

I
AM‘Z

[(A+g+a"++d )+ @+ + - +d )] 1g,
7=0

= |l

[L+2g+2¢° + - +2¢" 7] 1g .

<
Il
o

To summarize, the completed commutative diagram can be written in full as

i+ a—a4f_

Sat - Q[Xli,XQi,X?)i]sym(?’)
—¢’f1_y € H(GL3(E))
ch
}30
q27' (Y'l:l:r et Y'IZFT)
proj, 1 Mats (0g)nU(VH) Sat

[ LU +q2r—1 (Y'li(r—l) 4ot YfF(”‘U)
€ H(U(VY))

N)‘\BC Ss

> [1+2g + 242

+"'+2q7‘_j}1Kg’j

€ Q™

€ H(Ss(F))
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Thus, we arrive at the following;:

Proposition 4.5.4 (Base change BCg,). For n =3, we have

BCg, (Z [142q+2¢° + -+ +2¢"7] 1K’SJ) = Lo Mats (0p)nUVH)
=0

r—1
BCg, <1ng + Z 2q”j1K/S,j) =1 0o0-ng

=0
for every integer r > 0.
Proof. The first equation is the one we just proved. The second one follows by noting that

lggeo-ng =1 Mats(Og)NU(V) — 1o Mats(Og)NU(V])

so one merely subtracts the left-hand sides evaluated at » and » — 1 for r > 1 to get

r r—1
ST+ 20+27 + 420 ) gy — > [ +20+2¢2 4+ 2007V 1y
=0 =0
r—1 r—1
=iy, + D (1420420 420 Ly, =D [1 204207+ 4207 L
j=0 Jj=0
r—1
= lK:% + Z [QQT ]1Kg]]
j=0
as claimed. —~
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Chapter 5

Synopsis of the weighted orbital integral
Orb(v, ¢, s) for v € S3(F),s and
¢ € H(S3(F))

This section defines the weighted orbital integral and describes the parameters which we will

use to express our answer.

5.1 Initial definition of the weighted orbital integral for
general S,,(F)

Let H = GL,_1(F). Then H has a natural embedding into GL,,(E) by

which endows it with an action S, (F). Then our weighted orbital integral is defined as

follows.
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Definition 5.1.1 ([LRZ24, Equation (3.2.3)]). For brevity let n(h) := n(det h) for h € H.
For v € S, (F), ¢ € H(S,(F)), and s € C, we define the weighted orbital integral by

Orb(v, ¢, 5) = A H<b(hf17h)n(h) |det(h)[ ;" dh.

Definition 5.1.2 (The abbreviation 0 Orb(7, ¢)). From now on we will abbreviate

HOrb(y,6) = 2.

P Orb(y, ¢, 5).

s=0

We remark that this weighted orbital integral is related to an (unweighted) orbital integral
on the unitary side by the so-called relative fundamental lemma. Specifically, for g € U(V;)

and f € H(U(V;})), we define the (unweighted) orbital integral by

OrbU(V’t)(g,f) ::/ f(z ™ gzr)da.

U(vit)
Then the following result is true.

Theorem 5.1.3 (Relative fundamental lemma; [Les23, Theorem 1.1]). Let ¢ € H(S,(F))

and v € Sp(F)ss.

0 if v € STL(F)r_s
w() Orb(¢, 7, 0) =
Orb"" (g, BCY " (9)) if v € Su(F),

where the transfer factor w is defined in Chapter 13.

5.2 Basis for the indicator functions in H(S3(F))

From now on assume n = 3. We have the symmetric space

S3(F) = {g € GL3(E) | gg = id3}
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which has a left action under GL3(E) by g - s+ gsg '

Then S3(F") admits the following decomposition, which we will use:

Lemma 5.2.1 (Cartan decomposition of S5(F")). For each integer r > 0 let

0 0 ="
Kg,r = GL3(Og) - 0 1 0

w0 0

denote the orbit of 0 1 0 under the left action of GL3(Og). Then we have a

w0 0
decomposition

SS(F) = HKZS',T‘

r>0

Proof. See |Off04, §3]. O

The r = 0 case will be given a special shorthand, and can be expressed in a few equivalent

ways:

r . /
Kj = Kj,

= GL3(Op) - 1

1

= GLy(Op) - idy = S5(F) N GL5(Op).

One can equivalently define K . to be the part of S3(F') for which the most negative valuation
among the nine entries is —r.
For r > 0, define

K»/S,ST = Sg(F) Nw " GLg(OE)
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We can re-parametrize the problem according to the following.

Corollary 5.2.2. We have a decomposition
Kf@,gr - ng,o U Kg,l .-y ng,r-

Then an integral over each Kg_, lets us extract the integrals over K.

Corollary 5.2.3 (Basis for H(S3(F"))). For r > 0, the indicator functions 1y, _ form a
basis of H(S3(F)).

Then, our goal is to compute for 0 Orb(~, 1k, <T) at s = 0 for any r > 0 as well; note that

the r = 0 case is already done in [Zhal2)|.

5.3 Parametrization of ~

Again, assume n = 3. Further assume vy € S3(F) is regular semisimple. We identify some

parameters for the orbit of v that we can use for our explicit calculations.

5.3.1 Rewriting the weighted orbital integral as a double integral

over E via the group H' = GLy(F)

Our weighted orbital integral is at present a quadruple integral over F', owing to H = GLy(F)
being a four-dimensional F-vector space.
It will be more economical to work with the weighted orbital integral as a double integral

with two coefficients in E, in the following sense. As in [Zhal2, §4.1] define

, tr 12
H = B B |t1,t2€E

ta U1
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which is indeed a four-dimensional F-algebra. As before H — U(V;") according to the same
embedding GLy(E) — GL3(F) and so H' also acts on S, (E) by conjugation.

As an F-algebra, we have an isomorphism (see [Zhal2, §4.1])

1 @12

T — -

1=35 <G11 + ag9 + NG + CL21\/E)
1

to B <a11—a22+7—a21\/_)

Under this isomorphism, we have

hyh™" = 15(h)yia(h) L.
This allows us to rewrite the weighted orbital integral over H' instead. If we write
h' = 15(h)~1, then the following integral formula is obtained.

Proposition 5.3.1 (|Zhal2, §4.2|). For brevity let n(h') = n(deth’) for K € H'. For

v € S3(F), ¢ € H(S3(F)), and s € C, the weighted orbital integral can instead be written as

Orb(1,0,5) = [ o b () ldet(1) [ a1

h'eH’'

where
A — e dt; dt,
tit) — t252ﬁw
for the constant
1
o o—

(=g hHA—-q?)
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5.3.2 Identifying a representative in the H’-orbit

Write ~y 7 ~" to mean that v and +" are in the same H’-orbit. Evidently the weighted orbital
integral Orb(, ¢, s) in Proposition 5.3.1 only depends on such an orbit. So it makes sense to
pick a canonical representative for the H’-orbit to compute the weighted orbital integral in
terms of.

Since we assumed v € S3(F'),s is regular semisimple, we can invoke [Zhal2, Proposition

4.1] to assume that v that under the orbit of H' we have

a 0 0
y~1b —d 1| €8S3(F)s wherec=—ab+bd

¢c 1—dd d

overalla € E', b € E, d € E for which (1—dd)? —c¢ # 0. In other words, the representatives

described here cover all the regular H'-orbits in S5(F);s.

5.3.3 Simplification due to the matching of non-quasi-split unitary

group

In this calculation, we restrict attention to the case where our regular v matches an element
in the non-quasi-split unitary group U(V ), (rather than U(V;),). As we described in

Proposition 3.2.2, this is controlled by the parity of the invariant
v ((1—dd)* — cc)

being odd. Hence, we only have to consider this case:

Assumption 5.3.2. We will assume that
v((1—dd)?—cc)=1 (mod 2).
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This is the same assumption made in [Zhal2, Equation (4.3)].

To summarize everything we’ve said.

Lemma 5.3.3 (Parametrization for S3(F'),, via H'-orbit). Let v € S5(F),.. Then there exists

Is

ac€ E',be E, dc E such that

a 0 0
vy~ |b —d 1| ¢€8S3(F)s; wherec=—ab-+ bd.

¢c 1—dd d

Moreover, v ((1 — dd)? — cc) is odd.

We will mostly be interested in the case where v(b) = v(d) = 0. In fact, few other cases
even occur at all given Assumption 5.3.2; we will see momentarily that either v(b) = v(d) < 0,

or one of {v(b),v(d)} is zero and the other is nonnegative.

5.4 Parameters used in the calculation of the weighted
orbital integral

We now evaluate the orbital integral in terms of
a€ B, b,de FE, r > 0.

To simplify the notation in what follows, it will be convenient to define several quantities

that reappear frequently. From Assumption 5.3.2, we may define

d:=v(l —dd) =v(c) # —cc. (5.1)

85



Following [Zhal2, Equation (4.3)] we will also define

c X
= = 2
u 1—dd€0E (5.2)

so that (1 —uu) =1 (mod 2) and
b= —au — da. (5.3)
Note that this gives us the following repeatedly used identity
b’ — dad = (au — du)* — 4ad(1 — ua). (5.4)
Finally, define

0 :=v(b* — 4ad). (5.5)

We will also define one additional parameter which is useful when ¢ is even (but as we will
see, redundant for odd /):

A=v(l—uu)=1 (mod 2). (5.6)

Just as many pairs (v(b), v(d)) do not occur (given Assumption 5.3.2) and v(b) = v(d) =0
is the main case of interest, the parameters (9, ¢, \) satisfy some additional relations. We will

now describe them.

Lemma 5.4.1 (Constraints between ¢, §, A). Let a, b, ¢, d be as in Lemma 5.3.3, and let ¢,
¢, and X be as defined in (5.1), (5.5), (5.6). Then ezxactly one of the following situations is

true:
e v(b)=v(d)=0,¢>11is odd, { <26, and \ = .
e v(b) =v(d)=0,¢>0 is even, £ <20, and X > { is odd.

e v(b)=0,v(d)>0,{=95=0, and A > 0 is odd.
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e v(b)>0,v(d)=0,0=0,5>0, and A > 0 is odd.
e v(b)=v(d) <0,¢=0=2v(d) <0, and A > 0 is odd.

See Table 5.1. Moreover, whenever { is even, the quantity b> — 4ad is a square of some

element in E.

v(b) =0 v(b) >0 v(b) <0
vid)=0 0<0<20 £=0,6>0 never
v(d) >0 (=6=0 never never
v(d) <0 never never vb)=v(d)=%t=12<0

Table 5.1: A table showing the five cases in Lemma 5.4.1.

Before proving the lemma in full we first prove the following lemmas.

Lemma 5.4.2 (v(au — du)). Assume v(d) > 0. For odd ¢, we have
2v(au — du) > = \

while for even ¢ we instead have
2v(au — dit) = £ < \.

Proof. If v(d) = 0, this follows from (5.4) directly, since v ((au — du)?) is even, and hence
can never equal v(4ad(1 —utr)) = A =1 (mod 2).
Meanwhile, if v(d) > 0, then from (5.3) it follows v(b) = 0, and hence ¢ = 0. And

v(au — du) = 0 in this case as well. Since ) is a positive odd integer, the lemma is proved. [J
Lemma 5.4.3 (¢ <26). Ifv(b) =v(d) =0 and £ > 0, then { < 26.

Proof. 1f ¢ = 0 there is nothing to prove so assume ¢ > 0. Let us write

d
Ogaaufu:x%—y\/g x,y € F (5.7)
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which has norm
du adu -
O§9x2+y25:g'w:dd. (5.8)
U U

Now, according to Lemma 5.4.2 we have that

u

0 < ¢ < 2v(au — du) = 2v (% —ch) =20 ((z — dd) + yv/e.)

and since dd € F, it follows that

1
v(z—dd) > 5 (5.9)
l
v(y) > 3 (5.10)
In particular, (5.10) implies v(y) > 0 which has two consequences:
e From (5.7) we get v(x) = 0.
e From v(y?) > 0 and (5.8) we conclude
v(x? —dd) = v(y?) > L.
Putting (5.9) together with the previous two bullets,
14 5 - - -
3 <v(2® —dd—z(z —dd)) =v(z) +v(l —dd) =0+
and this proves ¢ < 2. n

Now we can prove Lemma 5.4.1.

Proof of Lemma 5.4.1. It’s clear the five bullets above are disjoint.

e First assume ¢ is odd. We assert in this case we have v(b) = v(d) = 0. Indeed if v(d) # 0,

then b = —au — da is a unit, and hence so is b*> — 4ad, causing ¢ = 0, contradiction.
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And if d is a unit, ¢ # 0 means v(b) = 0 too. In particular, £ > 0. The rest of the

claims follow by Lemma 5.4.2 and Lemma 5.4.3.

For the rest of the proof we only consider even ¢. Because b = —au — d, it cannot be the case
that v(b) > 0 and v(d) > 0; moreover if either v(b) < 0 or v(d) < 0, then in fact v(b) = v(d).

We consider each of the four possibilities.

e Suppose and v(b) = v(d) = 0. Then Lemma 5.4.2 and Lemma 5.4.3 imply the results.

e If v(b) = 0 and v(d) > 0, then b> — 4ad is a unit and 1 — dd are both units, ergo

(=6=0.

e If v(b) > 0 and v(d) = 0 then b? — 4ad is a unit, and there is nothing left to prove.

e Finally suppose v(b) = v(d) < 0. Then v(b?) < v(4ad) < 0, so indeed ¢ = 2v(d) < 0.

And v(1 — dd) = 2v(d) < 0 as well.

We now verify the last assertion that b? — 4ad is a square whenever ¢ is even. The proof in all
cases uses (5.4) to show b? — 4ad is equal to @’ times a quadratic residue in O}. Indeed we
need only verify that v(4ad(1 — uw)) = v(d) 4+ X has larger valuation than v ((au — du)?) = /.
In the case v(b) = 0 this follows from A\ > ¢. Whereas if v(d) > 0 we have ¢ = 0 and if

v(b) = v(d) < 0 then ¢ = —2v(d); so in all these cases the claim is obvious too. O

In the case where ¢ is odd (and hence ¢ > 1 and v(b) = v(d) = 0), we get (5.4) implying
A =/ and thus A will never be used — the weighted orbital will be computed as a function
of £ and ¢ (and r).

However for even ¢ these numbers are never equal and our weighted orbital integral will
be stated in terms of ¢, §, and A (and 7). We just saw that in these situations b? — 4ad is a

square; moving forward, we need to fix the choice of the square root 7. We do so as follows.

Definition 5.4.4 (Fixing the choice of 7). Assuming ¢ is even, using (5.4) in the form

(au — du)? — 7° = 4ad(1 — ui)
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we agree now to fix the choice of the square root of 7 such that

- 1
v(au —du+71) = A+ v(d) — ={ > 0,
. 2 (5.11)
v(au — dit — 7) = 56.

Here A+ v(d) — 1¢ > 0 is obvious when v(d) > 0 (since A = ¢ > 0 for odd ¢ and otherwise

A > (), and for v(d) < 0 we have v(d) = 1/ anyway.

Lemma 5.4.5 (v(4 — N(bx7)). With this choice of T, we have

v(A-=NOb+7)=A+0—-14
(5.12)
v(4—=Nb-1)) =04

Proof. We consider several cases.

e If v(b) = v(d) = 0 then from (5.4) we have
(= 2v(7) = 2v(au — du) < A

and thus [Zhal2, Lemma 4.7| applies to give (5.12), verabtim.

e Now suppose v(d) > 0 but still v(b) = v(7) = 0. We begin with the observation that
4ad =0* -~ = (b+71)(b—T) (5.13)

and so {v(b+7),v(b—7)} ={0,v(d)}. We need to determine which is which. However,

note that we may write
au —du— 1 = —(b+7) — 2du.

Since v(au — du — 7) = 0 and v(d) > 0, it follows we must have v(b+ 7) = 0. And thus
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v(b—7) = v(d). Hence v(4 — N(b— 7)) = 0 = §, and we have obtained the bottom

equation of (5.12).

It remains to show that v(4 — N(b+ 7)) = A to complete the proof. We quote [Zhal2,

Lemma 4.6] which states more generally that

20+ A=v(4—N0O+7))+v(4d—-Nb-"1))

+v(16 + 16dd — 8bb + 877).

In our case § = 0, v(4—N(b—7)) = 0. Moreover since v(7—b) > 0 we get v(77 —bb) > 0.
(Indeed, if T = z,; + ey, and b = x; + ey, then 77 —bb = (22 — 22 +e(y? —y2)) +e(wy, —
Yryp). Since x, = x, (mod w) and y, = y, (mod w), the conclusion is immediate.)

Hence the final term on the right-hand side is 0 too.

Consider v(b) > 0. As mentioned on [Zhal2, p. 242|, the identity (5.12) is still true in

this situation too.

Finally assume v(7) = v(b) = v(d) < 0. Again from (5.13) we know {v(b+7),v(b—7)} =

{0,v(d)} and need to determine which is which. This time we write

au — dii + 7= —(b— 1) — 2du.

Since v(au — du + 7) = A > 0, but v(2du) = v(d) < 0, it follows we must have
v(b—17) <0, so in fact v(b —7) = v(d) and v(b+ 7) = 0. So, in this case, we get
v(4 —=N(b— 7)) = 2v(b) = 0, which is the bottom equation of (5.12).

Then it remains to show that v(4 — N(b+ 7)) = A, which is done in the same way as

v(d) > 0 earlier. O
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5.5 Statement of the full orbital integral

We now show the full orbital integrals that were previously only summarized as Theorem 1.3.9.

The proof of these formulas is carried out in Chapters 6 and 7.

5.5.1 Arches

We introduce one piece of notation to compress the particular shape our formulas are about

to take.

Definition 5.5.1. Suppose {ag, a0+ 1,...,a;} is an interval of integers for some ag < ay,

. Then we can define a

and consider two more integers w; and wy such that w; + w, < #5%

piecewise linear function

ARCH(wl,wQ): {ao, ag+1,... ,al} — ZZO

[ao,a1]

according to the following definition:

k — ao if ag <k <ag+w;
w1+{%ﬂ”w ifag+w <k<ag+w +ws

k— wl—l—L%J if ap +wy +wy <k < ay — (wy + wy)
wl—l—{WJ if ay — (wy +wp) <k <ay —w
kal—k ifag —w <k <ay.

The nomenclature is meant to be indicative of the shape of the graph, which looks a little
bit like an arch. It is a function symmetric around %F% defined piecewise. The function
grows linearly with slope 1 at the far left for w; steps, then changes to slope 1/2 for wy steps

(rounding down), before stabilizing, then doing the symmetric descent on the right half.
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Figure 5.1: A plot of ARCHg 10/(3,4).

5.5.2 Full explicit weighted orbital integral for the case where £ odd

If 7 is odd, so A =/, then the weighted orbital integral can be expressed succinctly in the

following way.

Theorem 5.5.2 (Weighted orbital integral for odd ¢). Let r > 0. Let v € S3(F),

s

and let b,

d, 9, ¢, be as in Lemma 5.5.3 and Lemma 5.4.1. If € is odd, define

n,:= ARCH (r/).

Y

[—2r,0+26+27]
Then for any r > 0 we have the formula:
0+26+2r
Orb(~, 1K’s,gr=5) = Z (—1)* (1 TR qm(k)) ()~
k=—2r

Remark 5.5.3. To make n, fully explicit, one could also expand the arch shorthand to

;

k+ 2r if —2r <k <-—r
B+ if —r <k<(—r
n, (k)= &L 4 if0—r<k<20+r

LwJ +r 2047 <k<l+20+7

(C+26+2r)—k 042541 <k<l+25+2r

\
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From the identity

Orb(7, 1k ,s) = Orb(v, 1k, _ ,s) — Orb(v, 1k,

5,<(r-1)’ S)

we can then write the following equivalent formulation.

Corollary 5.5.4. Retaining the setting of the previous theorem, we have for any r > 1 the

formula
(425427

Orb(y, 1y ,8) = Y (=1)fgm® (1 4 ¢~ hl(g)”
k=—2r

where L, , is the set of indices defined by

I, ={—-(2r—-1),—-2r—-2),—2r-3),...,—(r+1)}
U{-r,—r+2,—r+4...,—r+0—-1}
U{204+r+1,204+r+3,...,20+r+1,20+r+3,...,20 +(+ 71}

U{0+25+7+1,0420+7+2,...,0+25+2r —1}.

Example 5.5.5. If r =3, / =5, and § = 100, the formulas above read

Orb(~, 1K/S}§3,5) =q %
—(g+1)-¢
(P +q+1)-¢"
—(+F+q+1) ¢
+ @+ +q+1) ¢
—("+ P+ +q+1) ¢
+ (" + P+ +q+1) ¢
(" +d+ P+ g+ )

+ @+ +F+ P+ g+ 1) ¢
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+<q5+q4+q3+q2+q+1>q204s
_(q4+q3_'_q2_|_q+1)_q2055
+<q4+q3+q2+q+1)_q206s
_(q3+q2+q+1).q207s
+<q3+q2+q+1)_q2085
_<q2+q+1)'q2098
+<q+1).q2103

211s
— q .

In the ellipses, all the omitted terms have the same coefficient ¢° + ¢* + ¢ + ¢*> + ¢ + 1 and

alternate sign.
Example 5.5.6. Continuing the previous example with r = 3, £ = 5, and § = 100, we have
Orb(~, 1k, s)=q %
—(g+1)-¢™

+(*+q) ¢ "

— (@ +¢) g

— "+ ¢



Lg%

b 0%
F (P gt -
gt 0

+ (gt g?) - g2
P
(P4 ) 2
—(*+q)- 7™
+(q+1) _q210$

211s
J— q .

5.5.3 Full explicit weighted orbital integral for the case where £ > 0

is even

When /7 is even the formula has a change to the leading coefficient as well.

Theorem 5.5.7 (Weighted orbital integral for even ¢ > 0). Let r > 0. Let v € S3(F);, and
letb, d, 5, £, X\ be as in Lemma 5.3.3 and Lemma 5.4.1. Suppose also £ > 0 is even. Define
= ARCH 14
hy [—2r,)\+26+2r](r’ )

c, = ARCH (6 —//2,min(2r, A —{)).

[6—r \—£426+7]
Then for any r > 0 we have:
A+20+2r
Ol"b(’y, 1K/S,§r’ 5) = Z (_1)k (1 +q+ q2 4+ qnw(k)) (q3)k
k=—2r
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20+A—L+r

+ Y e(k)(=Dre2 (g0

k=C—r

Example 5.5.8. We provide an example for r =2, { =2, § =4, A = 9 for concreteness, In

this case min(2r, A — ¢) = min(4,7) = 4 and we have

Orb(~, lgy . §)=q*

—(g+ g™

+ (@ +q+ g™

— (" +q+ g

+ (I + ¢ +q+1)¢
-2+ +q+1)¢
+ B¢+ +q+1)¢*
— (4 + ¢ +q+1)¢>
+ (4’ + ¢ + g+ 1)g®
- (5 + ¢ +q+1)¢”
+(5¢° + ¢* + ¢+ 1)¢”
— (66" +¢° +q+1)¢"
+ (6¢° + ¢ + ¢+ 1)¢*
— (66" +¢* +q+1)¢”
+(6¢° +¢* +q+1)¢'”
— (¢ + ¢ +q+1)¢'"
+(5¢° + ¢+ q+1)¢"*
— (46" + ¢ + g+ 1)¢"*
+ (4 + ¢ +q+ 1)

— B+ +q+1)¢"
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+(2¢° + ¢ +q+1)¢"
— (P + @ +q+1)g™
+ (@ +q+1)¢"™

— (¢ +q+1)g"™
+(g+1)g*”

21s
— q .

Example 5.5.9. We provide an example for r =5, £ = 2, § = 4, A = 9 for concreteness,

where min(2r, A\ — ¢) = min(10,7) = 7:

Orb(~, Igy _ s §) = q 10

—(g+1)-¢™

+ (P +q+1)-¢™

— (P + ¢ +q+1) ¢
"+ e+ g+ 1)
—(++ gL
@+ gL

— (" + O+ + P+ g+ )
+ 2+ + "+ P+ g+
- B+ P+ + P+ g+ 1) g
+AC+ ¢+ + P+ +q+1)
— A+ P+ + P+ g+ D)
+ 06+ + ¢+ P+ +q+1) ¢
~ 6+ +t + P+ P g+ 1) g

+ 6+ ++ P+ P +qg+1) g
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— 6+ + P+ g+ 1)
+H(1+ ¢ +d' + P+ +g+1) g
(" + ¢+ + ¢+ +q+1)q"
+H(1+ @+ q' + P+ g+ 1)
(1 + @+ ¢+ + @ +q+1) ¢
+(1°+ @ +d' + @+ +q+1) ¢
(1 + @+ ¢+ + P+ g+ 1)
+(6¢° +¢"+¢' + > +¢* +q+1)- ¢
6+ + '+ P+ g+1) g™
+(5¢° + " +¢' + ¢+ ¢ +q+1) '
~ (¢ + P+ P g 1) ¢
+UC++ + P+ +q+1) ¢
— A+ P+ + P+ +q+1) ¢
+BEC++d P+ g+1)
— 2+ + ¢+ P+ +a+1) ¢
O+ P g
@+ P g+ 1)
(AP 1)
@'+ g+ 1)
+(@+ gt 1)

— (@ +q+1)-¢*

+g+1)- g™

27s
— q .
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5.5.4 Full explicit weighted orbital integral for the case £ < 0

In this case, £ = 0 = 2v(b) = 2v(d) < 0. We will just state the relevant theorem in terms of

v(b) and v(d), omitting ¢ and 9.

Theorem 5.5.10 (Weighted orbital integral when v(b) = v(d) < 0). Let r > 0. Let v €
S3(F). and let b, d, X\ be as in Lemma 5.53.8 and Lemma 5.4.1. Suppose also v(b) = v(d) < 0.
Then if lv(d)| > r, the entire orbital integral is zero. Otherwise define
= ARCH — |v(d)|,0
n [—2r7/\+27”—4|v(d)|](r [v(d)], 0)

Cy = ARCH 0, min(2r — 2|v(d)|, \)).
! [—T—\v(d)\,x\+r—3|u(d)|}( ( [v(d)[,A))

Then for any r > 0 we have the formula:

A2r—4]o(d)|
Ol"b(’y, 1K/S,§r’ 3) = Z (_l)k (1 +q+ q2 4.+ qnv(k)) <qs>k
k=—2r
A+r—=3|v(d)]
) WD)
k=1 Jo(d)

Example 5.5.11. In the case where r = |v(d)|, the orbital simplifies to just
A—2r
Orb(y, 1k _ . 5) = > (=1)Mg)k.

Example 5.5.12. If A =7, v(d) = —5 and r = 12 we have

Orb(v, 1k, _ ,8) = q 2
—(g+1)-¢*
+ (P +q+1)-¢*

(P +F+q+1)-g"
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+(*+ @+ +q+1)- g
(@ +d+ P+ +q+1) ™

+(+C+ P+ g 1)

@+ P+ P+ P+ g+

+2¢ ++ P+ + P+ g+ 1)
— 2+ + ¢+ P+ g+ 1)
+ 2"+ + P+ PP g+ )
— 2+ + ¢+ + P+ P+ g+ 1)
+B+E+ P+ + P+ g+ )
— B+ + ¢+ + P+ g+ 1)
+ 4+ + P+ P+ g+ )
U+ g+

+4++C+ P+ P+ q+1)

— 4+ C+ g+ 1)
+ 4+ PP g+ 1)
4+ P+ P+ P+ P+ q+ 1)

+ 4+ g+ 1)

— A+ + P+ P+ g+ 1)

+ 4+ PP+

q

q

q

q

q

q

q

q

g

q

q

—16s

—15s

—14s

—13s

—12s

—11s

—10s

—9s

—8s

—7s

—6s

—bs

—4s

—3s

—2s

~ B+ + e+ P+ g+ 1)

+6B+ P+ P+t g+ )

2+ + P+ P+ g+ 1)

.qo

.qs

+ 2+ + P+t P+ g+ 1) ¢

@+ + P+ P+ g+ )¢
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+ @+ E+ P+t P+ P g+ 1) gt
—(*+ O+ + P+ g+ 1)
(@ +"+ P+ g+ 1)

— "+ + ¢ +q+1) 4"

+ (P +¢+q+1)-¢>

— (P +q+1)-¢”

+(g+1)-¢'"

11s
— q .

Example 5.5.13. If A = 2025, v(d) = —5 and r = 12 we have

Orb(v, 1k _ ,8) = q 2

_ (q+1) .q723s

+(* g+ 1) ¢

— (P ++q+1)- ¢

(PP g+
(' PP g 1) g
(AP g+ 1)

~ "+ PP g 1)
+20 + P+ g+ 1)
~Q+ PP g+ 1) T
+20 ¢+ PP gt
~C+ P+ PP g+ 1)
+B+ P gt 1)

~ B+ + P+ g+ 1) g
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+@d" ++ @+ @+ g+ 1)

— 4+ P+ P+ g+ )
+6¢ +E+ P+ + P+ g+ 1)
-+ + ¢+ P+ P+ g+ 1)
+6¢ +"++¢"+¢F+F +q+1)
— 60"+ + ¢+ "+ P+ +q+1)
+ (T + ¢+ P+t PP g+ )

1+ ++d"+ P+ +q+1)

+@¢" + ¢+ g P g+
~ B¢+ + g P g+
+8¢"+ ¢+ g+ P g+ 1)
B+ + ¢+ gt
+6++ O+ + P+ Hq+ 1)
~ QB+ + P+ g+ 1)

+Q¢" +d"+ +a' + @+ g+ 1)

~ 80"+ + g P g+
G R VR
~ (1" +¢+ ¢+ + @+ +q+ 1)
+(++ O+ + P+ +q+ 1)
(60" +¢"+d"+q' +¢’ +¢* +q+1)
+(60"+¢°+¢° +q'+ ¢+ +q+1) ¢
— (" + ¢+ +q' @+ gt 1)

+ ¢+ PP g+ 1)

103

—10s
q

'q—98

—8s

q

—T7s

q

—6s

q

—bs

q

—4s

q

—3s

q

2007s

2008s

2009s

2010s

2011s

2012s

2013s

2014s



— W+ P g+ 1)
+ @+ + P+t P+ P g+ 1)
— B¢+ + P+ + P+ g1 g
+6B+ ¢+ P+t PP g+ 1) O
— 2"+ P+ P+ g 1) O
+ 2+ + P+t PP g+ 1) g0
— @+ P E g+ 1)
(L By L R Ry SR B I e
(P + P+ P g+ 1) P
+( P+ + P+ 1)
—(q4+q3+q2+q+1)~q20255

+ (P qg+1)- 2%

_ (q2+q+ 1).q2027s

+ (q + 1)_ q2028s

2029s
—_— q .

5.6 Derivatives of the orbital integrals
We now state the derivative of the orbital integral in the three cases we described before.

Theorem 5.6.1. Let r > 0. Let v € S3(F)

Is

and let £, 6, A be as in Lemma 5.5.3 and

Lemma 5.4.1. Then
1

log q

0 OI‘b(’% 1K,/S',<r)

1s given by the following three expressions:
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o [fl 1s odd, the deriwative is

T_’_é—l
2 (04+25+1 4
r+1 S

o [f (>0 is even, the derivative is

L
T+3

A+20+1 ;
(=) > (% +3r — 2j> ¢
j=r+1
- (A +20+1 :
I e
=0
L R Y R if0 =% (mod 2)
+—<—JJT+57%QT+% . 2 2 2
5—2042 _ ‘
—=2t bl yf 5 £ L (mod 2).

o If{ <0 is even (sol = —2v(d)|), the derivative is
r—|v(d)|

(1 (A5 2 (@) =)

j=

A—1
+ (_1)T—|’U(d)|+1 . T - max (7’ — |U(d)|7 0) . q'f"—|’U(d)|‘

We prove Theorem 5.6.1 in Section 7.7.
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Chapter 6

Support for the weighted orbital integral
for S5(F)

In this section we set up the framework of the weighted orbital integral based on the definitions
in the previous section. This involves rewriting the integral as an infinite discrete double sum
over two parameters (n,m) that we will introduce later, and determining the volume of the
supports of the indicator function.

We always retain the setting of Lemma 5.3.3 throughout this chapter.

6.1 Reparametrization in terms of valuations

6.1.1 Computation of value in indicator function

We are integrating over ¢; € E and t; € E. Regarding ' € H' as an element of GL3(FE) as

described before, we have
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We therefore have

t —t
tl[lit2g2 t1{1712t72 O
ﬁ’fl = —to b
t1t1—toto t1t1—toto
0 0 1
Hence
t —t
tlfl—ltgfg tlfl—igfg O a O O tl t2 O
_/—1 ! —t { - — —
Wl = e e 0 b —d 1| | & 0
0 0 1) \c¢c 1—dd d) \0o 0 1
t —1
tlfljtgfg tlflfigfg O atl at2 0
— —t 3 Ty iy
= | s i 0 bty — di bty —df, 1
0 0 1) \cti + (1 —dd)ty cty+ (1 —dd)t, d
at% — btlt_g + d?g (ltth — btgfg + Jflfg —1?2
t1t] — talo t1t] — tato t1t] — tals
— —atth + btlfl - Czt_ll?g —at% + bfth - df% 'El
ity — tots t1ty — oty tity — taty
Ctl + (]_ — dJ)t_Q CtQ + (1 - dCZ)t_l d

At this point, note that the entry d appears by itself at the bottom-right.

Let us define

This lets us rewrite everything in terms of the ratio t and ¢; € E:

This new parametrization is better because t; only plays the role of a scale factor on the

=ty = ty = tt.

t2(a — bt + dt?)

t1t1(at — btt + di)

t - (=)
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t1t1(1 — tt) t1t1(1 — tt) t1t1(1 — tt)
tlfl(—at + b— JE) E%(—Cth + bt — CZ) —7?1

t1t1(1 — tt) t1t1(1 — tt) t1t1 (1 — tt)
ti(c+ (1 —dd)t) ty(ct+ (1—dd)) d




outside, with “interesting” terms only involving t. To make this further explicit, we write

t, =w Me
for m € Z and € € O}. Then
€ e !
e | W et
1 1
a—bt+dt*? at—btt+dt —w"t
1—tt 1—tt 1—tt
_ —at+b—dt —at?’+bt—d —w™
1—tt 1—tt 1—tt
c+ (1 —ddt ct+(1—dd) J
w™ wm

1
For brevity, we will let T'(y, ¢, m) denote the right-hand matrix. The conjugation by <

has no effect on any of the K ., so that we can simply use

-1
1Kg&(h/ V') = 1Kéér(1ﬂ(’y,t,m))

in the work that follows. For brevity, we abbreviate

6.1.2 Reparametrizing the integral in terms of £ and m

From now on, following |Zhal2, §4| we always fix the notation

m=m(ty) = —v(ty)

n=mn(t) =v(l—tt).
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(At the risk of stating the obvious, this n is not the same n in GL,, etc.) We need to rewrite
the integral, phrased originally via dA/, in terms of the parameters ¢ (hence n), m, and ~.

We start by observing that
det h/ = tlfl — tgfg = tlfl(l — tf)

which means that

v(deth') = —2m +n

ergo

|det h/|F _ q—v(deth’) _ qu—n

() = (=1)70) = (1)
Meanwhile, from t, = tt; we derive
dty = |t1|, dt = ¢*™ dt.
Bringing this all into the weighted orbital integral gives

Orb(v, 1xy _ 8) = & / 1o, (y, t,m)(=1)" ()" dty - (¢ dt)

tt1eR

= /@/ 1-.(7,t, m)(—l)"q5(2m_”) STEm At ey
tt1€EE
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6.2 Description of the support of 1<, whenn <0

Proposition 6.2.1 (Support of 1<, for n = 0). Whenever n =0 (this requires v(t) > 0),

1 if —r<m<d+r
1§T (77 tv m) =
0 otherwise.

Proof. We have to consider the nine entries of I'(v,¢,m) in tandem.

The upper 2 x 2 matrix is always in w="Og, because v(t) > 0, v(d) > —r, v(b) > —r, and
v(a) = 0 suffices.

In the right column, since v(¢) > 0 and n = 0, the condition is simply m > —r.

In the bottom row, we need

v(c+ (1 —dd)t) —m > —r,

v(ct+ (1 —dd)) —m > —r.

If v(t) > 0 this is equivalent to m —r < 4. In the case where v(t) = 0 we instead use the
observation that

[c+ (1 —dd)t] —t[ct+ (1 —dd)] =(1—tt)e (6.1)

which forces at least one of ¢t + (1 — dd) and ¢+ (1 — dd)t to have valuation ¢. So the claim

follows now. N
Proposition 6.2.2 (Support of 1, for n < 0). Suppose n = —2k < 0, equivalently,

v(t) = —k <0, for some k.

1 if —r<m+k<d+r
1§7’<77 ta m) =
0 otherwise.
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Proof. The proof is similar to the previous claim, but simpler.
Since k > 0, the fraction 1%{ has positive valuation, so the upper 2 x 2 submatrix of
['(v,t,m) is always in w "Og. Turning to the right column, the condition reads exactly

m + k > —r. Finally, in the bottom row, from v(¢) > 0 and v(c) = § the condition is simply

—k+0—m> —r. O]

Note all the results in this section hold for any b and d with v(b) > —r and v(d) > —r,

i.e. we do not yet need to consider cases based on whether b and d are units or not.

6.3 Description of the support of 1<, when n > 0

In this situation we evaluate over n > 0 only. In this case ¢ is automatically a unit.
Consider the upper 2 x 2 submatrix of I'(vy,¢,m). Using the identities

—bt+dt? _ at—btt+dt _

1—tt 1—tt

a—bf+JF+_ —at +b—dt c o0
_— 4 ———— =ua

1— ¢ 1— ¢ @ Ve
—at+b—dt _ —at’+bt—d be DO
_— Y/ = —(

1— ¢ 1— ¢ © Ve

it follows that as soon as one entry in the upper 2 x 2 submatrix is in @w~"Op, then all four

are. Focusing on the fraction with numerator —at? + bt — d we use the identity

(2at — b)? — (b* — 4ad) = —4a(—at® + bt — d)
to rewrite v(—at? + bt —d) >n —r as

v ((2at — b)*> — (b* — dad)) > n —r.

This takes care of all four of the entries in the upper 2 x 2 submatrix.
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Meanwhile, the requirements on the other entries amount to

m>n—r (6.2)

v(e+ (I—dd)it) >m—r (6.3)
v(ct+ (1—dd)>m-—r (6.4)
o(d) > —r. (6.5)

According to the earlier identity (6.1), if (6.3) is assumed true, then (6.4) is equivalent to

d+v(l—tt) >m—r.

Meanwhile, since v(c+ (1 — dd)t) = v(c + (1 — dd)t), (6.3) is itself equivalent to

v(t+u)+d>m—r

by reading the definition of (5.2).

In summary:

Proposition 6.3.1 (Support of 1<, when n > 0). Assume t is such that n = v(1 —tt) > 0.

Then 1<,.(,t,m) =1 if and only if v(d) > —r,

n—r<m<n+d+r

and t lies in the set specified by

v ((2at — b)*> — (0> —4dad)) >n —r 66)
v(t+u) >m—0—r. |
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6.4 Rewriting the quadratic constraint on the valuation
of t in the n > 0 situation

We now analyze the inequality
v ((2at — b)* — (0> —4ad)) >n—r (6.7)

and divide it into several (disjoint) possibilities. Recalling that £ = b? — 4ad, there are several

possibilities:

e If { > n —r, then (6.7) is equivalent to

2v(2at—b)2n—r<:>v(t—%)Z{n;r—‘. (6.8)

We will further subdivide this into two cases.

— Case 1 is the situation where (”;T] >m-—0—r.

— Case 2 is the situation where P‘;T] <m-—04—r.

o If { <n—r, then (6.7) could only hold if v(2at — b) = £. Note that in particular, this

requires £ to be even.

If this happens, then as we saw in Lemma 5.4.1 the quantity b*> — 4ad must be a square

and we denote it 72. Thus, (6.7) then reads

v(2at —b+71)+v(2at —b—7) > n—r. (6.9)

Since we are assuming n > ¢ + r, it must be the case that one of the two factors

v(2at — b F 7) is equal to v(7) = £/2 exactly, and the other is at least n —r — £ >

N1k

114



Hence, there is one situation where v(2at — b+ 7) = £ and

b+ 12

Note that conversely (6.10) implies (6.9). We further subdivide this into two cases:

— Case 371 is the situation where n — % —r>m—-90—r.

— Case 471 is the situation where n — g —r<m-—0-—r.

Replacing 7 with —7 above in (6.10) yields the other situation where v(2at —b—7) = £

and

v(t—b_T):U(Qat—b—i—T)Zn—g—r (6.11)

2a

which gives us two additional cases. We denote them Case 3~ and Case 4.

This gives us six cases, with each ¢ € F satisfying at most one of them. (If ¢ is odd, only
Case 1 and Case 2 are used.) In each case, for a given pair (n,m) we are interested in the
volume of ¢ such that two disk inequalities hold together with the assumption n = v(1 — tt).

We rewrite these six cases in the format specified by Lemma 2.2.3, noting that each
possibility will actually split into two sub-cases (although the lemma will only apply in
the cases where the centers ¢; are actually in Op; this which will be true in the main case
v(b) = v(d) = 0). This gives Table 6.1.

Note that in generating Table 6.1, we did the calculations

b au — du y
v(u—i-%)—z}( o >—v(au—du)
v(u—l—bj;T) = v(au — du £ 7).

to populate the entries for v(&; — &), as well as the identity

L bET b7 4-N(b*71)

2a 2a 4
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to calculate v(1 — £,€)) entries in the latter four cases.

6.5 Case analysis

Up until now the analysis has been valid for all five cases of Lemma 5.4.1. However, starting
from now on we will have to be a little more careful and think about which situation of

Lemma 5.4.1 we are in.

6.5.1 Analysis of Case 1 and 2 assuming n > 0 and v(b) = 0

We analyze Case 1 and 2 assuming v(b) = 0.

Considering n >0 and n —r <m < n-+ 9+ r as fixed, we compute the volume of the set
of ¢ for which n = v(1 — tt) and 1<,.(7,t,m) = 1.

In addition to the constraint n < ¢ + r, we see that the two cases have the following

additional requirements:

Casel Ifm< [”;q + & + r then we need

v(4 — bb) > [n > ﬂ (6.12)

v(au —di) > m —§ —r. (6.13)

Case 2 If m > (”gq 48 4+ r then we need

A=v(l—wu)>m-—3§—r (6.14)

vlau — di) > [n;ﬂ (6.15)

We will now show that some of these inequalities are redundant and can be ignored.

Lemma 6.5.1. If v(b) =0, then (6.13) and (6.15) are redundant i.e. they are automatically

true for 0 <n < {+r.
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Proof. This is immediate from Lemma 5.4.2. [
Lemma 6.5.2. If v(b) = 0, then (6.12) is redundant.

Proof. Regardless of whether v(d) = 0 or v(d) > 0, the equation

(4 — bb) = —4au(1 — dd) — b(b* — 4ad)

always implies

v(4 — bb) > min(¢, §) with equality if £ # § (6.16)

sinec —4au and b are units. Hence, a priori (6.16) suggests that we have a condition n < r+26
in addition to n < r 4+ £. However, by Lemma 5.4.1, we always have ¢ < 2§, and consequently

(6.12) is redundant as well. O

Putting all of this together, we find that the valid pairs (n,m) come in two cases.

Double sum for Case 1 We sum over (m,n) such that

1<n<fl+r,
- (6.17)
n—r<m< [T—‘ +o+r—1
where each (m,n) gives a volume contribution of
q—"_[ngq 1—q¢ Y ifn>r
(6.18)
g (1—q?) ifn <r.
Double sum for Case 2 We sum over (m, n) such that
1<n</l+mr,
(6.19)

max(n—r, [n;r-‘ +5—|—7’) <m <min(n,\) +0+r
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where each (m,n) gives a volume contribution of

g (1 - ifm >+
(6.20)

g (1—q?) ifm<d+r.

Notice that m < § 4+ r could only occur when n < r.

6.5.2 Analysis of merged Case 1 and 2 assuming n > 0 and v(b) > 0

If v(b) > 0 instead, so that £ = 0 but still § > 0. Then (6.8) becomes independent of the unit

b

Consequently, in this situation, it is not necessary to distinguish between Cases 1 and 2.

t because we must have

Instead, (6.6) merely requires that

0>n—r

vit+u)>m—06—r

In this situation, by Lemma 2.2.1, we get a nonzero contribution in the merged case if and

only if
1<n<r

n—r<m<n+d+r (6.21)
A>m—0—r.
In that case the volume contribution is given by the same expression as (6.20).

To avoid having to consider the situation v(b) > 0 separately, we make the following

observation:

Lemma 6.5.3 (Reducing v(b) > 0 to before). Consider the two (disjoint) ranges (6.17) and

(6.19) in the special case £ = 0. These two ranges collectively cover exactly the same elements

118



(m,n) as (6.21). Moreover, the volume contribution (6.18) equals that of (6.20) for pairs

(m,n) in (6.17).

Proof. 1f we combine (6.17) and (6.19), they say that

1<n<{l+r=r

n—r<m<min(n,\) + 0 +r =min(n,\) +r

which matches (6.21) exactly. So it remains to verify that the volume contributions match.

Now suppose that m < (";q + 6 +r. Since n < r, it follows that m < § +r. So on the
one hand we have the n < r case in (6.18) and on the other hand we have the m < § +r

case in (6.20), which both equal ¢="(1 — ¢~2). Hence the proof is complete. ]

Because of this proposition then we can fold the v(b) > 0 result into the case v(b) = 0
too in future calculations. In other words the double sums in Case 1 and 2 mentioned in the

previous subsection will work verbatim even in the v(b) > 0 situation, which is convenient.

Remark 6.5.4 (Comparison to [Zhal2]). Note that in the original paper [Zhal2| only r =0
is considered and in this case all three ranges (6.17), (6.19) and (6.21) are empty. Therefore
the corresponding step in the calculation of [Zhal2] is much simpler, consisting only of the
one-line observation that Case 1 and Case 2 cannot occur at all if » = 0. In contrast once
r > 0 then the ranges are not necessarily empty and therefore one needs to ensure that the

terms arising actually match.

6.5.3 Analysis of Case 3", 3, 4", 4 assuming n > 0 and v(b) > 0

and v(d) > 0

Suppose £ > 0 is even. As before we consider n > 0 and n —r < m < n+¢§ + r as fixed, and

seek to compute the volume of the set of ¢ for which n = v(1 — tt) and 1<,(v,t,m) = 0.
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Double sum for Case 3T Suppose n > +7r, m <n — é + 0, and we choose b;r—aT Then

Lemma 2.2.3 gives a nonzero contribution if and only if

>\+5—€:v(4—N(b+7))2n—§—r

)\+U(d)—§:v(au—du+7)2m—5—r.

Compiling all seven constraints gives that the valid pairs (m,n) are those for which

|~

max(L,/+r+1)<n<—=+d5+ A+,

14 /
n—r§m§min<n+5+r,n—§+5—1,)\+v(d)—§+5+r>

which from ¢,6,r > 0 can be simplified to just

1
€+r+1§n§—§+5+)\+r,

14
n—rgmgmin(n—l,/\—i—v(d)—i—r)—§+5
Moreover, in any situation where v(d) > 0, we have ¢ = § = 0, and hence n — 1 <
A+ 71 < A+ wv(d) 4 r is obvious. Thus we may drop the v(d) term from the inequality

and obtain

f—kr—l—lgng)\—g—l—é%—r,
2 (6.22)

14
n—r§m§min(n—1,A+r)—§+5

Each (m,n) gives a volume contribution of
—n—(n—%—r) 1— -1
q (1-q¢7).

Double sum for Case 3° Suppose n > +r, m <n — g + 6, and we choose Z’Q_—aT Then
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Lemma 2.2.3 gives a nonzero contribution if and only if

Compiling all seven constraints gives that the valid pairs (m,n) are those for which
14
(+r+1<n< §+5+7’,

/ /
n—rgmSmin(n—§+5—1,§+5+r,n+5+r)
This simplifies to
14
€+r+1§n§§—l—(5+r,
, (6.23)
n—r§m§§+5+r.

As in the previous case, (m,n) gives a volume contribution of
q—n—(n—g—r) (1 . q—l) ]

Double sum for Case 4T Suppose n > +1r, m >n — g + 0 (which implies m > n —r

since 7 > 0 and 0 < ¢ < 24), and we choose b;;T. Then Lemma 2.2.3 gives a nonzero

contribution if and only if

A>m—0—r

l - l
)\+v(d)—§ =v(au —du+T) Zn—é—r.
Rearranging gives that the valid pairs (m,n) are those for which

C+r+1<n<A+ov(d)+r
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n—§—|—5§m§min(n,/\)+5+r.

However, in any situation where v(d) > 0 and hence ¢ = § = 0, the inequality on m
already implies that n < XA + r. Hence we may drop the v(d) term to get instead the

inequalities

(+r+1<n< A+r
(6.24)

n—§—|—5§m§min(n,)\)+5+r.

Here, each (m,n) gives a volume contribution of

q—n—(m—5—r) (1 . q—l) )

Double sum for Case 4 Suppose n > {+r, m > n — é + 9, and we choose l’;—; Then

Lemma 2.2.3 gives a nonzero contribution if and only if

A>m—0—r

The latter inequality contradicts the assumption that n > ¢ + r, so in fact this case can

never occur.

6.6 Case analysis when v(b) = v(d) < 0

We need to handle now the situation where v(b) = v(d) < 0. In that case we have { = § =
2v(d) < 0.

For Case 3T, Case 3, Case 41, Case 47, we still agree to fix the choice of square root
7 such that (5.11) holds. (Note that in the right-hand side of the first inequality, we still

have A + v(d) — 30 =X > 0.)
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6.6.1 Analysis of merged Case 1 and 2 assuming v(b) = v(d) < 0

In the situation where £ > n — r, then for any unit ¢ we have v(t — 5=) = v(b) = —[v(d)| <0,

so (6.8) becomes simply

v(b) > [”;ﬂ = n<rt20b) =1+

Thus, the only constraint on the unit ¢ is that

v(t+u)>m—39—r.

So, by applying Lemma 2.2.1, we find that the nonzero contributions occur exactly when

1<n< =2vd)|+r
n—r<m<n-—2vd)|+r (6.25)

A>m+2v(d)| —r

with the same volume contribution given by (6.20), that is.

g @) (1 g7 i > —2fu(d)] 4+ 7
(6.26)

" (1—q?) it m < —=2Jv(d)| +r.

So an analysis almost identical to the one in Lemma 6.5.3 applies here to show that (6.17)
and (6.19) match the above range, with the same volume contributions. This means that the

same expression can be used for the case v(b) = v(d) < 0 as well.

123



6.6.2 Analysis of Case 3" and Case 4" assuming v(b) = v(d) < 0

Now suppose n > £ +r and v(b) = v(d) < 0. In this situation, we have 2T is a unit, and

A:v(l—uﬂ):v(l—@).

Hence when we apply Lemma 2.2.3 we see that we are simply requiring that

!/
AZmax(n—i—r,m—é—r)

with Case 3T corresponding to n — £ —r > m — § — r and Case 4T corresponding to

n — é —r > m — 0 —r; we do not separate these. As before we immediately replace

¢ =4 = —=2lv(d)| above.

Consequently, we will need to sum over the range

max(1, —2[v(d)| +r+1) <n <X — |v(d)] +r
(6.27)

IN

n—r <m <min(n,\) — 2|v(d)| +r.

The volume contribution is now given by

g maxntp(@l=rmi2e(dl=r) (1 — =) if max(n + [v(d)| — r,m + 2v(d)| —r) > 0

g "(1-q?) if max(n + |v(d)| —r,m + 2|v(d)| —r) < 0.
(6.28)

since max(n + |v(d)| — r,m + 2|v(d)| — r) could actually be non-positive, in contrast to the

earlier cases.
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6.6.3 Analysis of Case 3" and Case 4" assuming v(b) = v(d) < 0

Again suppose n > ¢ + r and v(b) = v(d) < 0. In this case, (6.11) becomes simply

which implies n < £ + r. So actually neither Case 3™ nor Case 4~ could happen.
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Assume & and & p1 and poy

§—2
52:_U ’—ngr"
1 n</l+r ol — 6E) — o4 — ) o
v(€) — &) = v(au — du)
§1=—u
&= o m—a0—r
2 <£ B 2a
net U(l - 6161) =\ > ’—ngr-‘
v(€) — &) = v(au — du)
=
& =—u
c) — N(b+7) l
3t psl4p v(1 = &&) =v(l - —57) n—g-r
=A+d—4 N S
v(& — &) = v(au — du + 1)
=A+o(d)— %
Gtz
§o=—u .
3 >l v(l—glgl)zv(l—W) n—g—r
=90 B >m—0—r
v(& — &) =v(au — du — 1)
_ ¢
2
& =—u
52:1?;—_‘; m—a0—r
4T n>l+r vl =-6&) =) N /
v(& — &) = v(au — du + 1) =n=5=r
=A+uv(d) — £
§1=—u
,52:% m—0—r
4 n>ler v(l-68) =X ,
”(51—52)=U(au—dqj_7) Zn—§—r

L

2

Table 6.1: The six cases for calculating the weighted orbital integral for S3(F'), in the
inhomogeneous group version of the AFL.
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Chapter 7

Evaluation of the weighted orbital

integral for S3(F)

We now put together the sums we found in the previous section to come up with the expression
for the weighted orbital integral. We continue to assume Lemma 5.3.3 and Lemma 5.4.1 in

this chapter.

7.1 Region where n < 0 for all values of £

Proposition 7.1.1 (I,<o). The contribution to the integral Orb(vy, 1k _ ,s) over n <0 is

exactly
o+2r

Ingo = q2(6+r)s Z q72js _ q72rs RS q2(6+r)s.
j=0

Proof. For n = 0 we get a contribution of

I{/ 1[n = 0]1<,(y,t,m)¢* g > dt dty
tt€EE h

o+r
= /{VOl(t n = O) Z Vol(tl . —U(tl) — m)q2m(s—1)

m=—r
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g+ 1 o+r
— K (1 _ - Z (q2m (1 _ qu)) q2m(571)

q m=—r
o+r
q+1
—n(1-T) =) X

For the region where v(t) = —k < 0, for each individual k& > 0,

/{/ 1[v(t) = —k]1<. (7, t,m)g* @ g2 dt dt,
theR B

o+r—k
=k Vol(t s v(t) = —k) Y Vol(ty : —v(ty) = m)g" 2K -sk=2m
m=—r—k
o+r—k
— w2t (1 _ q—z) Z (q2m (1 _ q_2)) ¢ 2mt2k) —dk—2m
m=—r—~k
o+r—k
— —2\2 m s
— kg 2k(1_q 2) Z g2(m+R)
m=—r—*k
) o+r
_ quZk (1 _ q72) Z q215.
Since ), ., q? q_ —L— we find that the total contribution across both the n = 0 case and

the k > 0 case is

((1—@)(1—(;2)%] (1—q2 ) éiq?“

q

o+r =
_ (1 . q 1 . q Z qZZs
o+r ‘ o
_ Z qZZS.

This equals the claimed sum above. (We write it over 0 < j < § + 2r for consistency with a

later part.) O
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7.2 Contribution from Case 1 and Case 2 assuming v(b) >

0 and v(d) > 0

Again using Vol(t; : —v(t;) = m) = ¢**(1 — ¢~?), summing all the cases gives the following

contribution within « [, , .o 1[n > 0]1<,(v,t,m):

[250 | +o+r—1

Lg=rY >  qg"(1-q¢7)
n=1

m=n—r

((FDrgem g (@1 - g2)

+ K Z Z q‘”‘(”?r] (1 —q)

n=r+1 m=n—r
. ((_1)nqs(2mfn)q2n72m> <q2m(1 . q,z))
T o+r

+h > ¢"(1-q7)

n=1 m:max(n—r, IV%—I +5+r)

(g (o - )

O+r min(n,\)+d+r

+K Z Z g m=8-1) (1-q7Y)
= m=max(n—r, [ 257 | +6+r,647+1)
. ((_1)nqs(2mfn)q2nf2m> <q2m<1 . q,2>>

. ’—7Lg7'-|+6+7‘_1

— Z Z qn (1 + q—l) . (_1)nqs(2m—n)
n=1 m=n—r
e |50

+ Z Z qL”ﬂ (=1t

n=r+1 m=n—r
5+r

+ Z > " (L+q7") - (1) g Cm

n=1 m:max(n—r7 [%-l +5+r)
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L+r min(n,\)+0+r

+ Z Z qn—(m—é—r) . (_1)nqs(2m—n)‘

n=1 m:max(nfr, [%—‘ +6+r,5+7‘+1)

To simplify the expressions, we replace the summation variable m with
j=m+0+r)—m>=>0.

In that case,

2m —n=2(0+n+r—j) —n=n+26+2r — 2j.

Then the expression rewrites as

r 0+2r
171;;(2) _ Z Z qn (1 + q—l) i (_1)nqs(n+26+27‘—2j)
n=lj=| 2 |41

L+ 6+2r

nir n _s(n r—2j
+Z Z qLQJ,(_l)quzm 2)

r min(5+2r, L"THJ )

+ Z Z qn (1 + q—l) . (_1)nqs(n+26+2r—2j)
n=1 j=n

{4 Min(o+2r, L";TJ ,n—1)

+ Z Z qj . (_1)nqs(n+26+2r72j).
n=1

j=max(0,n—X\)

We interchange the order of summation so that it is first over j and then n. There are

four double sums to interchange.

e The first double sum runs from j = L%J +1toj=0+2r. Inadditionto 1 <n <r,
we need | 2| + 1 < j, which solves to 2 < j — 1 or n < 2j — 1 —r. Thus the

condition on n is

1<n<min(2j —1—rr).

e The second double sum runs from j=7r+1tod+2r. We alsoneed r+1<n</{+r
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and n < 27 — 1 —r. Hence, the desired condition on n is

r+1<n<min(2j—1-r/l+r).

e The third double sum runs from 7 = 1 to j = r. Meanwhile, the values of n need to

satisfy 1 <n <r,n<jand j < L"”J = n > 2j —r, consequently we just obtain

max(1,2j —r) <n <j.

e The fourth double sum runs j = 0 to

j:min((5—|—2r, \éJ +r,€—|—r—1) = EJ +7r—1[¢ =0

again because of £ < 20. Meanwhile, we require 1 <n </{l+r,j>n—\, j<n—1,as

well as j < L”;TJ <= n > 27 —r. Putting these four conditions together gives

max(j+1,2j —r) <n <min(j + X\, £+ 7).

Hence we get

5+2r min(2j—1—r,r)

L= Y Z ¢" (1+¢7") - (=1)rg 22
,7 Lr+1J+1
§+2r min(2j—1—rl+r)

ntr n _s(n r—27
i Z Z gl (= 1)ngent2e+2r—2i)

j=r+1 n=r+1

T J
+ Z Z qn (1 + q—l) . (_1)nqs(n+26+2r—2j)

Jj=1 n=max(1,2j—7)

| £ ]+r=1[(=0]  min(j+xe4r)

+ Z Z qj . (_1)nqs(n+25+2r72j)'

j=0 n=max(j+1,2j—r)

131



At this point, we can unify the sum over j by noting that for j outside of the summation

range, the inner sum is empty anyway. Specifically, note that:
e In the first and second double sum, the inner sum over n is empty anyway when j < r.

e In the third double sum, adding j = 0 does not introduce new terms. Moreover, when

J > r the inner sum over n is also empty anyway.
e In the fourth double sum,

—If¢{=0and j >r, then j+1>0+7; and

—If/>0andj> §+T, then 2j —r >0 +r.
So no new terms are introduced in this case either.

So we can unify all four double sums to run over 0 < 5 < ¢ + 2r, simplifying the expression

to just

Irlz;rg = q2(6+r)s Z Z q" (1 4 q*1> . (_1)nqs(n72j)

7=0 n=1

5+2r ( min(2j—1—r,r)

min(2j—1—r/f+r)

+ Y gl ] (c1yngpn)
n=r+1
J

+ Z qn (1 + q—l) . (_1)nqs(n—2j)

n=max(1,25—r)

min(j+\,0+r)
+ Z ¢ - (_1)nqs(n2j)>.

n=max(j+1,2j—r)
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7.3 Merging of I,,<o with I} 25 (and proof of Theorem 5.5.2)

We continue assuming v(b) = v(d) = 0. It turns out that I,<o + I} 13 can be rewritten more

compactly (giving a simple answer especially when ¢ is odd). Then
Ln<o + 1,5

can be rewritten to the collation

542r min(2j—1—r,r)
_ q2(5+r)s Z (q2js + Z qn (1 + qfl) . (_1)nqs(nf2j)
] n=1
min(2j—1—r¢+r)
+ Y g g
n=r+1

j .

+ Z qn (1 + q—l) . (_1)nqs(n—2])

n=max(1,2j—r)

min(j+\,0+r)
+ Z ¢ - (_1)nqs(n2j))'

n=max(j+1,2j—r)

Note that when r =0 and £ = A =1 (mod 2) we recover |[Zhal2, Equation (4.13)].
The above expression can be considered as a Laurent polynomial in —¢°, whose coefficients

are nonnegative polynomials in ¢ (note that (—1)" = (—1)""%). Now we are going to extract

the coefficient of (—¢*)*, for each integer k. First, note that

e The initial term before the sums adds 1 if £ is even and —2r < k < 20 + 2r, and 0

otherwise.

We move on to the inner sums and calculate their contributions. For a fixed k € Z, we want to
consider (n, j) with n—2j+2(0+7r) = k, that is, 2j = n+25+2r—k,or n = 2j+k —25 — 2r.

The condition that j € Z and 0 < j < + 2r is then equivalent to

k—20—2r<n<k+2r and n=k (mod 2). (7.1)
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We note also that

n<2j—r <<= n<n+20+r—k <= k<20+r (7.2)

which needs to hold for the first two sums to contribute. Conversely, in the latter two sums,
we will assume that

n>2j—r <= k>20+r. (7.3)

Now we are ready for the main calculation. In what follows %2 € {0, 1} means the remainder

when i is divided by 2. Moreover, any ellipses of the form

will be an abbreviation for ¢' 4+ ¢*~' + --- 4 ¢* (i.e. within any ellipses, the exponents are
understood to decrease by 1, and the sums are always nonempty, meaning i > i’).

In the region where k£ < 20 + r, the first two sums contribute:

e The first sum contributes if and only if (7.1) holds, 1 < n < r and (7.2) is true. Hence,
the contribution only occurs when k < 20 + r. In that case, all 1 < n < min(r, k + 2r)
with n = k (mod 2) appear. Since the contribution of a given n is ¢" + ¢" ! and the n

are incrementing by 2, our final total is

(
GFrE 4 g gk D%2 if —2r<k<-—r

g FR2 o qBDR2 S < k<2047

0 otherwise.

\

e The second sum contributes if and only if (7.1) holds, (7.2) holds and r+1 <n < {+r.
The hypothesis n > r means we need k > —r. Since ¢ < 20, the upper bound for n is

n < min({ + r, k + 2r) which we split into two cases.
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In the case where k + 2r < ¢+ r, then since ¢ < 26, the inequality k£ < 20 + r holds
automatically. We have the largest term n = k + 2r = k (mod 2), so the largest

exponent ¢ that appears is L%J

In the other case ¢ + r < k + 2r, we obtain largest exponents of

{M+r—@+;—m%m+rJ:T+{0—M+;—m%1.

Thus, we obtain

p
k+3r

gL R if —r<k<(—vr

gL g% i < k< 26 4

0 otherwise.

In the region where k > 26 + r, the latter two sums are in play:

e In the third sum, we assume (7.3); then the other constraints on n are

n>1

n<j <= 2n<n+20+2r—k < n<20+2r—=k

which implies & < 26 + 2r for this range to be nonempty. In this case, (7.1) is actually

redundant already. That means our contribution can be described as

GOk D205 4 < k< 25 4 2r

0 otherwise.

e Unlike the other sums, the j is in the exponent in the fourth sum, so (7.1) will not be

useful to us. Instead our goal is to detect the values of j for which the corresponding
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value of

n=2j—25—2r+k

lies in the desired interval. That is, we get a contribution of ¢’ if and only if (7.3) holds

and

0<5<d+2r
j<2j—=20—2r+k = 20+2r—k<j

2] =20 —2r+k<j+ N <= j<20+2r+X—k
3r+{0—k

2] =20 —2r+k<l+r < j<d+ 5

The values of k for which there is any valid index j is given by
20+ 7 <k <20+min(A+2r, ¢+ 3r).
The breakpoint for the two upper bounds on j occurs when

25+2r—k+)\§5+w = k>20+2\— (47

Comparing all the bounds, we find there are three possible scenarios.

—IfA<Z ”TT, then we get

(

gL e o5 < k< 20+ 2r

AR A INRPPR 204 2r < k<2042\— {47
GOk L g0 20 +20— 047 <k <20+ \+2r
0 otherwise.

\
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- If”TT<)\§€+r, then we get

;

q6+L3*++"“J 4o @O 25 4 < B <2042\ —(+7

SH[PEE] 20l f 95 foN <k <20+ 2r

q
gPTE AR L O if 20 +2r <k <26+ A+2r
0 otherwise.

\

— If £ +r < A, then we get

¢

P L 05 < k< 20+ 2r

S 20 +2r <k <26+ 0+3r

0 otherwise.

This completes the analysis of the four sums above. For later purposes, it will be more

symmetric to rewrite the exponent as

{3r+€—kJ {(Z(HWFT)_I{J
(5+ T =1r+ 5 .

Now we can piece together all the parts below. It turns out that for every value of k, the

k¥ is an expression of the form 14 g+ ¢> + - - - + ¢™® for some k. Indeed,

coefficient of (—¢°)
e When k = —2r the only term is ¢°.

e For —2r < k < r, only the first sum contributes ¢*t2" + - .. + ¢*~Y%2 which is then

completed by the ¢ contribution from I,,<o when k is even with a possible ¢°.

e For —r < k < 20 4 r, the first and second sum actually fit together with a “seam” near
q", which is for even k then completed by the single ¢° contribution from I,,<o (only

when £ is even).
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e For 20 +7 < k < 20+ 2r, the same holds with piecing the third and fourth sum together

(where the seam is near ¢* this time).
e Finally, only the fourth sum contributes for k& > 20 + 27, and it is of the desired form.

This gives us a succinct description of the weighted orbital integral.

If 7 is even, we now have the following intermediate result.

Proposition 7.3.1 (Case 1 and 2 for ¢ > 0 even). Suppose { > 0 is even. Then we have the

intermediate result
20-+min(A+2r,£43r)

Inco + 1,25 = > (=D (1 +q+q+ ---+qn%+2(’“)) ()"
k=-—2r

where the piecewise function n.,: Z — Zxq is defined by

4

k 4+ 2r if —2r <k < -—r

LkJ”’Jer if —r<k</tl—r

Chr—(k—m)%2 ift—r<k<25+r

LwJ +r W20+ r <k<L0+2543r

m the case X\ > C+r, and

)
k+ 2r if =2r <k < -—r

B+ if—r<k<tl—r

ni”(k’): §+7"—(k—7“)%2 ifl—r<k<20+r

L(H%;r)—kJ . if20+r <k <2\A—(+25+7r

AN+20+2r)—k  if20+2X—L+1r <k <AX+20+2r

\

i the case N < +r.
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On the other hand, when ¢ is odd, we get Theorem 5.5.2:

Theorem 5.5.2 (Weighted orbital integral for odd ¢). Let r > 0. Let v € S5(F),, and let b,

s

d, 9, ¢, be as in Lemma 5.5.3 and Lemma 5.4.1. If € is odd, define

n, = ARCH (r/).

[—2r,0+20+2r]
Then for any r > 0 we have the formula:
0+26+2r
Orb(y, 1k _,8) = Y, (1) (I+q+¢+---+¢2W) (¢)"
k=—2r

7.4 Contribution from Case 37, 37, 47 assuming v(b) > 0

and v(d) > 0

These cases only appear when ¢ is even and we assume this for this subsection. We consider
the contribution of these cases within « [,, . 1[n > 0]1<.(y,t,m) (using (6.22), (6.23),

(6.24)) and put Vol(t; : —v(t;) = m) = ¢*™(1 — ¢~?) to get:

A— % +d+r min(n—1,A+r)— % +4

Lig=r ) S g (1Y)

n=~(+r+1 m=n—r
. ((_1)nqs(2mfn)q2n72m> <q2m<1 . q,Q))
Lo4r E+o+r

+I€Z Zq_”” D(1-q")

n=~¢+r+1 m=n—r

. ((_1)nqs(2m—n)q2n—2m> <q2m<1 . q_g))
A+r  min(n,\)+5+r

+ K Z Z q—n—(m—é—'r) (1 . q—l)

n=0+r+1 ;—p— % 46

(=g (@m - )
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/\fg+5+r min(n—1,A+r) 7%+6

— Z Z q—n—(n—g—'r) . ((_1)nqs(2m—n)q2n>

n=0+r+1 m=n—r
Liotr Lyotr

T Z Z qfn*(nféfr) . <(_1)nqs(2mfn)q2n)

n=~{+r+1 m=n—r
Ar  min(n,\)+5+r

+ Z Z q—n—(m—é—r) i <(_1>nqs(2m—n)q2n>

n=0+r+1 ;= n77+5

>\—§+6+r min(n—l,A—l—r)—%—i—&

— Z Z qg-l-r . (_l)nqs(Qm—n)

n=0+r+1 m=n—r
Ltotr L4o+r

+ Z Z q%Jrr . (_1)nqs(2mfn)
n=¢+r+1 m=n—r
A+r  min(n,\)+d+r

+ Z Z qnfm+6+r . (_1)nqs(2m—n)

n=0+r+1 = n,,Jr(;

A7 n— 1_7_’_6

Z Z n52m n)

n=0{+r+1 m=n—r
A—E4+o+r A= E4d+r

_|_q§ Z Z nstn)

n=\+r+1 m=n—r
*+(5+7‘ 5"1‘(5“!‘7“

q2+7". Z Z n 52m n)

n=~¢{+r+1 m=n—r
Ar  min(n,\)+d+r
s 2m—
+ Z Z qn m+d+r (_1)nqs( m n);

n=0+r+1 ;= n77+6

We now analyze each double sum.

7.4.1 Analysis of the coefficient of the top-degree term qé"‘r

We start by analyzing just the first three double sums: Fix an index k; we collect the

coefficient of (—g¢*)*.
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e For the first double sum, change the summation for m to

m=n—r+j &< j=m—n+r

so that 2m — n =n — 2r 4+ 25 and the first double sum rewrites as

A+7‘ TL—%+§—1 )\Jr?” 7‘—%—‘1—5—1
s\2m—n __ s\n—2r+2j
> > (¢ - > > (—¢°)
n=¢+r+1 m=n—r n=0+r+1  j=0

T’—g-ﬁ-&—l )\+'I’

— Z (_qs>n72r+2j

=0 n=l+r+1

[ ST N

+6—-1  A—r42j
-3 3
§=0  k=f—r4+2j+1
Now we collect the coefficient of (—¢®)*. The value of k runs from the lowest value
k = ¢ —r+ 1 to the highest value £k = A — £ 4+ 20 +r — 2. We seek the number of
Ogjgr—g—l—é—lsuchthat

E+r—A k+r—(+1)

(—r+2j+1<h<A-r+42) &= ———— <j < 5

so the number of terms that appear is

mm({#J ,—§+5+T—1) —max([w-‘ ,O) +1

which is nonnegative (but could be zero). We add in one more term k = A—£+20+r—1
and k = A — £+ 26 + r for simplicity; this is okay because the above display equals zero

at this value anyway.
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e For the second double sum, change the order of summation to

A—Lbtr A—L45+r A—L4o+r miH(A—§+5+T1m+T)
s\2m—n __ s\2m—n
> > (=) =) > (—¢°)
n=\+r+1 m=n—r m=A+1 n=A+r+1
>‘_§+5+7" 2m—A—r—1

= > > (—q")".

m=A+1 k:max(m—r,2m—)\+§—5—r)
Now we collect the coefficient of (—¢*)¥. The value of k runs from the lowest value

k=X —1r+1 to the highest value k = A\ — ¢ + 20 +r — 1. For k in this interval, we

seekvaluesof)\—i—l§m§)\—§+5+r and

E+X+r+1

E<2m—-A—r—1 —= m> 5
k>m—r = m<k+r

k+A—L40+r
: .

k22m—)\+§—5—r — m <

When £ > XA —r 4+ 1 we already have w > XA+ 1, so the number of terms that

appear is

E+A—£t46
min(k:—i—r,{ il 22+ +TJ,)\—€+5+T>—{M—‘+1

2 2

which is nonnegative (but could be zero). We add in two extra term at k = A — r and
k= X—{+ 20+ r; for simplicity; this is okay because the above display equals zero at

this value anyway.

e The third double sum
Lrorr Lyotr

Z Z (_qs)2mfn

n=~0+r+1 m=n—r

happens to coincide with the previous one if one replaces A by ¢ everywhere. Hence the
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number of terms that appear is

E+£46 k+ £ 1
mm<k+r{¥J,+§+a+r)_{%%1

runningfromk:%—rtokzé—i—%—i—r.

Now we collate the contribution of the first three double sums:

A—0+25+T
Z (min <L#J ,—g—l—é—i-r— 1> —max({—k—kg )\—‘ ,O) —i—l) (—qs)k

k=0—r
A—l+26+r .

) E+X—5+0+r 14 kE+X+r+1 ok
N O e e R B el R
20+ 14

_ k+5+d+r| ¢ E+l04+r+1 ok
B (oo [2555] f)
A—r—1
= Z (min({wJ,—£+5+r—l)+l) (—q°)*

2 2

k=0—r
A—L+26+r

) k—0+r—1 l E+r—2A Nk
+ kzz)\:r (mln(L#J,—ichs—i-r—l)—{T—‘%-l)(—q)
A—0+26+r ¢

' k+A—Lttd+r i k+A+7r+1 .
S e e i R
20+r ¢

. k+5+d+r| £ E+l+r+1 o~k
] S B 1o Bl e B S0

Hence, for each k the coefficient of (—¢*)* is given by a sum of a subset of the following

four coeflicients:

o For/—r<k<A—r—1, we get

|t | ik <20+
Cl (k) =

—L4o+r ifk>25+r
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e For \—r <k<AN—(0+2)+r, weget

=R -] k<204

—L 40— [H2] ifk>25+47

ALl (k+r+1D)%2 if k<2547

| A=tk | if k>26+r.

e For \—r <k<AN—(0+2)+r, weget

(

k+r— [Hdrt] 4 fk<A—Lf40—r

Ca(k) = {“”?ﬂf“—ﬁ“y“}+1 fA—L4d—r<k<A—L4o+r

\(/\—§+5+r)—|—w-‘+l fk>A—L+6+r
(

| Al | fk<A—Lf40—r

— ) —E 4o+l (k+E+o+r+1)%2—(k-+r)%2
2

fA—L4+6—r<k<A—Lf+4+6+r

| A=tk | fk>A—Lf4+0+r
\

o For / —r <k <20+, weget

p

k+r— [HErE] 41 ifk<i+d—r

Ca(k) = [@J—(%}H fLto—r<k<i+dotr

(6+0+0) =[S0 1 k2 §404r
|

= fk<t{+o—r

— ) —E 4o+l (k+E40+7)%2—(k+r+1)%2
2

fi+s—r<k<i+d+r

Bl ifk>L4+0+r

\
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The coeflicient we need is then

where we consider C;(k) = 0 if k falls outside the required range for C;.
Section 7.4.1 gives a sketch of the regions covered by Cy, Cs, C3, Cy in one situation. In
the general situation, some of the points in the middle could have different orders relative to

each other. (In particular, 29 + r could occur in either C; or Cy.)

{—r A—7r 20 +1r A—L+20+Tr
T Sy g A—f4do+r
A= A=Ll+20+7r
iti-r iritr
0 —r i i 20 +1r

Figure 7.1: Rough illustration of one possibility for the shapes of regions for Cy, Cy, C5, CYy,
in the case where A\ — g +0—r< % + 0 + r. The breaking points within each C; are marked
in black, and grey dotted lines join values of k that overlap between the regions. The four
black breaking points show up in the collated formula later.

{—r 20 +1r AN—71 A—L0+20+7r

A—f+6—r A—L+406+7
A—r A=L+20+r

L fHodr

{—r 2(510—7°

Figure 7.2: An illustration of another possibility for the shapes of regions for C, Cs, C3, Cy,
this time in the casewhere%—l—(ﬂ—rg )\—g—l—é—r.
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To make the casework a bit more efficient, we prove the following lemma, which effectively

lets us fold together cases on A — r or 26 + 7.
Lemma 7.4.1 (Folding cases). The following two identities are true:

° Forkﬁmin(/\—§+5_r725+r);

V_EHJAJ Ci(k) ifk<X—r
e

° Fork:Zmax(A—%%—(S—r,A—r),

V—E%—Q(M—T—kJ_ Ca(k) ifk>20+r
2

Co(k) + Cy(k) — (k+1)%2 if k <20 +r.

Proof. For the first part, it’s trivial for £ < X\ — r, whilst for £ > A\ — r we have

_ 1 - 1
Co(k) + Cy(k) = % (k= N%2 + {M#J
— {#J (ko — \)%2

which also equals the claimed result.

For the second part, it’s again trivial for & > 2§ 4+ r whilst for £ < 26 + r we have

A—C+1
2

B V\—£+25+r—k

N 2

Co(k) + Cu(k) =

2% 4 r—k+1
—(k+r+1)%2+L T +J

2

J+(1—(k+r+1)%2)

which also matches. 0

We consider the following five cases now:
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1. Suppose £ —r < k < 5—1—5—7‘ (in particular, also k < 2§+ 7 and k < A — é =0). Then

from Lemma 7.4.1 we have

C(k) = {#J FOMR) = k= (=) + (k+ 1)%2.

2. Next suppose that §—|—5— r <k <min(d+ % +r, A\— % +d—r). Again from Lemma 7.4.1

we have

* 2

(+r+1 —§+5+1—(kz+§+5+7~)%2
2 2

% N

3. The next case is split into two possibilities.

V: £+r+1J —§+6+1—(k+§+5+r)%2—(k+r+1)%2
k;

—(k+r+1)%2

e First suppose that
l l
)\—§+5—r§k5§§—|—5+r

(which matches Section 7.4.1). Then

C(k) = Cy(k) + Cs(k) + Ca(k)

A—l+1
—T+—(k+r+1)%2
—L 4o+l —(k+Ei+0+r+1)%2— (k+r)%2
2
A5+l (k+E+0+m%2— (k+r+1)%2
* 2
A—20420+1
= T (%2
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e Instead suppose that
14 l
§+5+T§k‘§>\—§+5—7‘.

We consider four more sub-possibilities.

— If E <min(20 +r, A — 1) we get

C(k) = Ci(k) + Ca(k)

k—V0+r+1 20 +r—k+1
- 2 + 2

1
— —§+§+r+(k:+7‘)%2.
— Similarly £ > min(20 4+ r, A — r) we get

C(k) = Co(k) + Cy(k)

A=0+20+r—k k—A+r+1
- 2 * 2

14
:—§+5—|—T‘.
— If20 +r <k < X—r we simply get
l
C(k) =Ci(k) = —§+(5+r.

— Finally if A —r < k <2 + r we get instead

C(k) = Cu(k) + Ca(k) + Cs(k)

A—(+1 k— A 1
=———i——mk+r+n%2+{———iﬁi—J
2 2
¢ k+0+7+1
+(gto+r) - |—F— | +1
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l
= —§+5+r+(k+r)%2.
4. Moving on, suppose that max(% +o+7r,A— g +0—r)<k<A— % + 0+ r. Applying
Lemma 7.4.1 we get that

A—VC+20 —k
C(k;):{ *2” J+Cg(k’)+1k§25+r(k:+r)%2

L)\—€+25+r—kJ A5+l (k+E+5+r+1D)%2— (k+7)%2
* 2
2

+ Lp<osyr (k4 1)%2

A—£+496 —k
— (5_§> + {( 2+2+7") J +1k§25+r(k+r)%2-

5. Finally, if A — g +0+r<k<AX—/0+26+r,use Lemma 7.4.1 to get just

A—L0+20+7r—k
o) = | A=
A—0+2) —k A—L0+20 —k+1
:L +2” J% + 2” +J+1k§25+r(k+r)%2

= ()\ —0+20 + 7”) —k+ 1k§25+7~(k + 7“)%2.

Having exhausted all five cases, we compile them into the following:

Proposition 7.4.2 (c,). Let us define

c,:= ARCH (0 —¢/2,min(A —¢—1,2r)).

[0—r A—0+25+7]
Then
Apr  n—l-Lf48 A—Ltotr A—Lto+r
£ £
5+r n_ s(2m—n 5+r n_ s(2m—n
AT SHD S RO S ST
n=0+r+1 m=n—r n=A4+r+1 m=n-—r
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Ltotr L4o+r

4 q§+r . Z Z (_1)nqs(2m—n)

n=~0+r+1 m=n—r

A—L+26+r 254
— Z Cv(k)(—l)k(qs)k + Z (k: _|_T)%2 ) (—1)k(q5)k.
k=0—r k=l—r

Proof. After removing the 1y<osi, - (kK + 7)%2 term, we see that we need to verify

k—({—r) (—r<k<i+4+d5-—r

—(Lays—r
(5—§)+{@J Lpo—r<k<mn@0+i+rA—L+0-7)

A=D0-20+1 A—t4o—r<k<i+o+r
c,(k) =
—L4é4r f+d+r<k<A-f+46-r

_Lsa)—
(6—%)+ {WJ max(5+0+rA—Lf+5—r)<k<A—L+0+7

A—=C+25+7)—k A—L4o+r<k<A—(+4+25+r
\

which follows directly from the definition of ARCH that we proposed.

7.4.2 Analysis of the remaining double sum

It remains to evaluate

M min(n,\)+0+r

Z Z qn—m—‘r&—l—r . (_1)nqs(2m—n)

n=0+r+1 p—n— é 46

As before if we define

j=Mn+d+r)—m=>0

k:=mn+20+2r —2j.
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so the sum becomes

A7 %+T

Z Z qj . (_1)nqs(n+26+2r—2j)

n=C+r+1 j=max(0,n—N\)

é-f—?" A+min(j,r)

— Z Z qj . (_1)nqs(n+25+2r72j)

j=max(r—(A—£—1),0) n=£+r+1

T J+A éJrr A
o j n _s(n+26+2r—25 j n s(n+26+2r—2j5
— E E{ qJ-(—l)q( J)+§ E q”-(—l)q( )
j=max(r—(A—£—1),0) n=~£+r+1 j=r+1n=~>+r+1
r A+20+2r—j 541 A+2043r—25
j s\k j s\k
= > > ¢ (=) + ) > ¢ - (=¢°)"
j=max(r—(A—£0—1),0) k=£+26+3r—25+1 j=r+1k=0+26+3r—2j+1

Now we collect the coefficient of (—¢*)*. In the first double sum the value of k runs from the
lowest value k = ¢+ 20 + r + 1 to the highest value A + 26 + 2r — max(r — (A — ¢ —1),0).

The range of j being summed is given by solving

C+20+3r+1—k

C+204+3r—2j+1<k<A+204+2r—j < 5

<J<A+204+2r—k

to get

(V+25+3r+1—k:
max 2

—‘ 0,17 — (x\—E—l)) <j<max(A+20+2r—k,r).
In the second double sum the value of k runs from the lowest value k£ = 26 +7 + 1 to the

highest value k = A\ 4+ 20 +r — 2 and j now needs to satisfy

04+20+3r+1—k A+ 204+3r—k
5 <7< 5

(4+204+3r—27+1<k<A4+2043r—-2j —

so we get the range to this time be

(4+20+3r+1—k . . A+204+3r—k| ¢
max 5 , 7+ 1) <5 <min 5 ,=+7r|.
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)\+26+S§r+1—k: > A+2043r+1—(A425+r—2) >r41

In this case the max resolves to the ceiling because 5

for all £ in the desired range, but the min does not resolve immediately. For convenience, we
add on two extra values k = A+ 2§ +r — 1 and k = A+ 2r + r for which the range above for
7 is void anyway, to make it easier to merge the sums momentarily.

In summary, our rewritten sum equals

A+26+2r—max(r—(A—¢—1),0) min(A+25+2r—k,r)
j s\k
> > 7 (=¢")
k=0+26+r+1 j=max( [ L2051 0 (A——1))

Apsgr  min([ AR [ S
+ > > ¢ (—¢°)".

R=204741 ([ A20E8rELRT 1)

Notice we always have
2047 +1<0+20+r+1<A+20+7r<A+20+2r —max(r—(A—{¢—1),0)

so the values of k£ in the second double sum are contained inside those of the first. Moreover,

the two breaking points are

A+20+2r —k<r < k>AX+20+r
V+25+37“+1—k

5 —‘Zr+1<:>k§€+2(5+r—1

which miraculously line up with the boundaries of the sum. Hence for these overlapped values
the two sums over j fit together neatly with a “seam” at the value 7 = r. Then rewriting the

sum with ascending values of k we have
£
04+25+7 gtr

> Yoo (=)

k=20+r+1 j [ h20tsre1=h]
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£
2t

A25+7r '
+ > > ¢ (—¢")"

K=l 204741 jomay ([ 204304120 0 (A—0-1))

A+26+2r—max(r—(A—£€—1),0) A+26+-2r—k
7 s\k
+ ) > 7 (=q°)".
k=A+26+r+1 j=max( [ LR 0 (\—(—1))

where we have used w > % +r <= AN+20+1r+ ¢ >k to resolve the minimums in

the first two sums.
To proceed further we split this into cases based on whether A > ¢ + r or not

o If A\ >/ + r, then we have

0426+
3 >, P

k=26+7+1 [z+25+3r+1 k‘l
£
2

A+26+r +r
‘ (7.4)

+ Yy ¢ (~¢)"

k=0+20+r+1 j:max( |‘£+26+?;r+17k ‘| 70)

A+26+2r A+20+2r—k
+ 0y > ¢ (—¢°)".

k= A+25+r+1j max((“?‘”g’““—’“",o)

o If A\ < /+r, then we instead have

C4+25+r
> >, do)
k=20+r+1 j= P+26+:§r+1—k1
A+26+7 Ltr
D > 7 (—¢")"
k= €+26+r+1] max(’»/+25+3r+1 k“ (At 1)>
A+26+2r—k

2A—L04254r—1 ‘
+ Y > 7 (—¢")".

k= )\+25+r+1j max(|‘6+26+3r+1 k‘l —(A—t— 1))
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7.5 Proof of Theorem 5.5.7

We now put the finishing touches to deduce Theorem 5.5.7.

Theorem 5.5.7 (Weighted orbital integral for even ¢ > 0). Let r > 0. Let v € S3(F),, and
letb, d, 6, £, \ be as in Lemma 5.3.3 and Lemma 5.4.1. Suppose also £ > 0 is even. Define
y = [,ﬁﬂggm(“ 2
c,:= ARCH (0 —¢/2,min(2r, X\ —¢)).

[l—rA—0+26+r]

Then for any r > 0 we have:

A264-2r

Orb(y, 1k, _.8)= >, (1) (1+q+@+--+¢"W) (¢
k=—2r
20+ A—L+r

+ ¢, (k) (=1)" 2" (¢°)".

k=(—r

Proof of Theorem 5.5.7. The coefficient ¢, ,, vT) was already introduced in Proposition 7.4.2,

where there is an extra (k +r)%2 term for £ —r < k < 2§ 4+ r that matches the corresponding
term in Proposition 7.3.1.

Then, when A > ¢ + r the terms in Proposition 7.3.1 fit together with the sum in (7.4) to

give n(, 7). The same is true with A\ < £+ r when one uses (7.5) instead. This completes

the proof. n
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Remark 7.5.1 (Expanding n,). One can expand the Arch notation for n., to obtain

(

k+ 2r if —2r<k<-r
B+ if —r<k</(—r
n,(k) =4 L4y if0—r<k<A—(+20+7
WJJFT A= C0+20 47 <k<A+20+r
k(>\+25+2r)—k HfA+204+7 < k< A+20+2r

Then c, can be similarly expanded, but the result is so notationally dense that it is hardly

worth including. If one defines the shorthands

14
B’Y Z:§+(5—T
l
T7 3:)\—54—5—1-?”
w, == min(A — ¢ —1,2r)

then it could be written out more fully as

,
k—(0—r7) if(—r<k<B,
V*B”J—hré ifB, <k<B,+w

2 2 Y= — =7 v

(k) =4 L6+ Lw, if B, +w, <k<T,—w,
|5t -4 +0 T —w, <k<T,

A= l+20+7)—k T, <k<2+A—Ll+7.
\
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7.6 Contribution of cases for the v(b) = v(d) < 0 case

(and proof of Theorem 5.5.10)

We now deal with the edge case v(b) = v(d) < 0. The region I,,<o remains the same, but
we need to alter the calculation of the other parts. We assume |v(d)| < r henceforth since

otherwise the entire orbital integral vanishes.

7.6.1 Contribution of Case 1 and Case 2

This situation only occurs if r > 2|v(d)|. In that case we get

—2|v(d)|+r —2|v(d)|+r

L= Z Z (1—¢7?)- ((—1)"qs‘2’"’”)q2"’2m) (qm(l — q”))

—2\1}( )|+r min(n—2|v(d)|+r, A—|v(d)|+r)
tED > q
n=1 m=—2|v(d)|+r+1

: ((—1)”615(27”‘”’612”‘2’") (qu(l — q‘2)>

—n—(m+2[v(d)|—r) (1 . q—l)

— qn (1 + q—l) (_1)nqs(2m—n)

n=1 m=n—r
—2|v(d)|+r min(n,\)—2|v(d)|+r
+ Z qnf(m+2|v(d)|fr) . (_1)nqs(2mfn)
=1 m=—2u(d)|+r+1

S

7.6.2 Contribution of Case 37 and Case 4T

We split the sum into several cases.

—[v(d)[+r —2[v(d)[+r

[S;ré K Z Z qfn (1 . q72) . <(_1>nqs(2mfn)q2nf2m> (q2m(1 . q72))
n=max(1,—2|v(d)|+r+1) m=n-—r
—|v(d)|+r min(n,\)—2|v(d)|+r

+ K Z Z g @) (1 o)

n=max(1,-2[v(d)|+r+1) m=—2Jv(d)|+r+1
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. <(_1)nqs(2m—n)q2n—2m> (qu(l . q_2)>
A—lv(d)|+r n—|v

+ kK Z Z q—2n+r [v(d)] (1 ) ((_1)nqs(2m—n)q2n—2m> (q2m(1 - q—2)>
n=—|v(d)|+r+1 m=n—r
A—|v(d)|+r min(n,\)—2[v(d)|+r

+ K Z Z qfnf(m+2|v(d)\fr) (1 _ qil)
n=—|v(d)[+r+1 m=n—|o(d)|+1
. ((_1)nqs(2mfn)q2nf2m> (qu(l B q,Q))
—lv(d)|4r —2|v(d)|+r

D S S R e
n=max(1,—2|v(d)|+r+1) m=n—r
—|v(d)|+r min(n,\)—2|v(d)|+r
+ Z Z qn—(m+2|v(d)|—7‘) (_ 1)nq5(2m—n)
n=max(1,—2|v(d)|+r+1) m=—2Jv(d)|+r+1
A—|v(d)|+r n—|v(d)]
+ Z Z q |v(d n s(2m n)
n=—lo(@)|+r-+1 m=n—r
A—|v(d)|+r min(n,\)—2[v(d)|+r
+ Z qn—(m+2|v(d)|—7“)(_1)nqs(2m—n).
n=—|v(d)|[+r+1 m=n—|v(d)|+1

7.6.3 Merging the contributions

When we put together these sums, the first two double sums fold together and we get just

the following five double sums:

—|v(d)|4+r =2|v(d)|+r

L6+ 1o = Z Yo (L) (=gt

m=n—r
A—

W@l o
+ Z Z q —|v(d nqs(Qm—n)

n=—lo(d)|+r+1 m=n—r
—2|v(d)|4+r min(n,\)—2|v(d)|+r

+ Z Z qn—(m+2|v(d)\—7’) . (_1)nqs(2m—n)

= m==2|v(d)|+r+1
—|v(d)|+r min(n,\)—2|v(d)|+r

+ Z Z qnf(m+2|v(d)|fr)(_1)nqs(2mfn)

n=max(1,—2|v(d)|+r+1) m=—2|v(d)|+r+1
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A—|v(d)|+r  min(n,\)—2[v(d)|+r
+ Z qn—(m+2|v(d)|—7’)(_1)nqs(2m—n).
n=—|v(d)|[+r+1 m=n—|v(d)|+1

The first double sum, combined with I, <q

We start with
+r —2|v(d)|+r

qn (1 + q—l) (_1>nqs(2m—n)

—lv(d)|
=

We'd like to write an analogous sum over j. For 1 < j < —|v(d)| + r we get a contribution of

m=n—

¢ (—q°)* for k = 2m — n if and only if for n = j + (k —n)%2 = j + (k — j)%2 we have

n—r<m<=22d)|+r < 2n—2r <k+n<—4jv(d)|+2r
— j+(k—)%2—-2r <k<—j—(k—75)%2—4v(d)| +2r

— j—2r <k<—j—A4v(d)]+ 2r

When j = 0, the contribution is analogous except we must have n = 1 so that k£ must be odd;
and when j = —|v(d)|+r, the contribution is analogous except we must have n = —|v(d)| +r
so that £ must have the same parity as —|v(d)| + r. In other words, the double sum can be
written as

So this double sum can be rewritten as

—lv(d)|+r—1 —j—4|v(d)|+2r

> DL D G > g O (=g,

=1 k=j—2r —2r<k<—4v(d)|+2r —v(d)|—r<k<—3v(d)|+3r
k=1 (mod 2) k=—|v(d)|4+r mod 2

<

However, we also have

In<o = > (—a)".

—2r<k<—4|v(d)|+2r
k=0 (mod 2)
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Hence once we incorporate I,,<¢ in we have

—lv(d)|4+r =2|v(d)|+r

Ih<o + Z Z 1 +4q 1) (—1)"g"Cm=m)

m=n—r

f\v(d |[+r—1 —j—4|v(d)|+2r

= Z > P

k=j—2r

LD SR B P

—[v(d)|—r<k<=3Jv(d)|+r
k=—|v(d)|4+r mod 2

The second double sum

We turn to the second double sum

A—|v(d)|+r  n—|v(d)]|

Z Z ns2m n)

n=—|v(d)|+r+1 m=n—r

Working with k& = 2m — n, the values of k run from the lowest value k = —|v(d)| —r + 1 to
the highest value k = A — 3|v(d)| + r. The coefficient of k is the number of integers m such

that
n—r<m<n—|vd)| <= 2m—k—r<m <2m—k—|v(d)| <= k+|v(d)| <m <k+r

and

E—lv(d)|+r+1 <m< k:—i—)\—|v(d)|+r.

—|o(d)|+r+1<2m—k < A—|v(d)|+r < 5 < 5

In other words, the double sum in question equals

A=3|v(d)|+r

Z (min({k+)\—|2v(d)|—l—rik+r>

b=—lo(@]—r+1
~ max (V - '“(d)2| et ﬂ e+ \v(d)|> + 1> (—g")F.
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The third, fourth, and fifth double sum

Now we evaluate the final three double sums. Replacing j = n — (m + 2|v(d)| — r) gives
2m —n =2(n— (2lv(d)| —r) —7) —n =n—4|v(d)| + 2r — 25 and the last three double sums

transform into

—2[v(d)|+r n—1
qj . (_1)nqs(n—4\u(d)\+2r—2j)
n=1  j=max(0,n—\)
—|’U(d)|+7‘ n—1

+ Z Z qj(_1)nqs(nf4\v(d)\+2r72j)

n=max(1,—2|v(d)|+r+1) j=max(0,n—X\)
A—lo(d)[+r  —|v(d)|+r—1

+ Z Z qj(_1>nqs(n—4|v(d)|+2r—2j)‘
n=—|v(d)|4+r+1 j=max(0,n—\)

The range of n across the three double sums is disjoint and runs from n = 1 up to n =
— |v(d)| + 7.
We now interchange the order of summation so that j is on the outside to get and then

split the second double sum and re-collate:

—2|v(d)|+r—1 =2|v( d)|+r
Z Z n s(n 4|v(d)|+2r—27)
n=j+1
—|U(d )| +r—1 min(j+A,—|v(d)|+7)
+ Z 3 ¢ (1) g (@l+2r=27)
n=max(j+1,-2|v(d)|+r+1)
—lv(d)|+r-1 A
+ Z Z ¢ (1)o@ +2r-29)
Jmma(0,~A—[o(d)+7-+1) n=—o(d)|-+r+1
—2lv(d)|+r—1 —2[v(d)|+r
= Z Z qj . (_1)nqs(n—4|fu(d)\+2r—2j)
7=0 n=j+1
—A=lv(d)|+r JHA

+ Z Z qj(_1)nqs(n74\v(d)\+2r72j)

j=0 n=max(j+1,—2Jv(d)[+r+1)
r—1 —lv(d)|+r

(d)]+
+ Z Z qj(_1)nq8(n—4lv(d)\+2r—2j)
|

j=max(0,—A—|v(d)|+r+1) n=max(j+1,—2|v(d)|+r+1)
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—|v(d)|+r—1 J+A
+ Z Z qj(_1)nqs(n—4|v(d)|+2r—2j)
j=max(0,—A—|v(d)|+r+1) n=—|v(d)|+r+1
—2|v(d)|+r—1 =2|v(d)|+r
_ Z Z qj . (_1)nqs(n—4|’u(d)\+2r—2j)
=0 n=j+1
—A—|v(d)|+r JH+A
+ Z Z qj(_1)nq8(n74\v(d)\+2r72j)
j=0 n=max(j+1,—2|v(d)|+r+1)
—Jo(@)+r—1 A
+ Z Z q](_1)nqs(n—4|v(d)\+2r—2j)
Jj=max(0,—A—|v(d)|+r+1) n=max(j+1,—2|v(d)|+r+1)
—2|v(d)|+r—1 =2Jv(d)|+r

= Z Z qj . (_1)nqs(nf4|v(d)\+2r72j)

+ Z qj(_1>nqs(n—4|v(d)\+2r—2j).
Jj=0 n=max(j+1,—2|v(d)|+r+1)

Let k =n — 25 — 4|v(d)| + 2r and transform this into

—2lv(d)|[+r—1 —2j—6|v(d)|+3r
> ¢ (=¢")"
j=0 k=—j—4|v(d)|+2r+1
—lv(d)|4+r—1 —Jj+2—4|v(d)|+2r
+ > ¢ (—¢°)".

k=max(j+1,-2|v(d)|+r+1)—2j—4|v(d)|+2r

—

IS

<
Il
=)

7.6.4 Collation

Altogether, we have arrived at the following formula

—lv(d)|+r—1 —j—4|v(d)|+2r

Orb(y, 1, _,8)= > > P(=g) g > (—¢*)

j=0 k=j—2r —lv(d)|—r<k<-=3|v(d)|+r
k=—|v(d)|4+r mod 2

A=3|v(d)|+r

e CEEES (mmqurA—\Qv(d)HrJ 7k+r>

k=—|v(d)|—r+1

o (V_ e ﬂ kot |v<d>|> + 1)<—qs>’f
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—2v(d)|+r—1 —2j—6lv(d)|+3r

2 > )
J=0  k=—j—4fv(d)|+2r+1
—|v(d)|+r-1 —j+A—4|o(d)|+2r

+ ) >, ¢ (—a)"

j=0 k=max(j+1,—2|v(d)|+r+1)—25—4|v(d)|+2r

We collapse the sums

q7|v(d)|+r Z (_qs)k

—[v(d)|—r<k<-=3Jv(d)|+r
k=—|v(d)|4+r mod 2

A—3|v(d)|+r
k+X—lv(d
R CEE S (mmq + Izv( )|+7‘J ,k‘—l—r)

k=—|v(d)|—r+1

- ([ ) + 1) (=)

by noting that the coefficient of the second sum can be written as

4

Lk+kf\;(d)|+TJ _ ’ka\v(d2)|+r+1—‘ + 1 if \— |’U(d)’ — S Lk S —3’U(d)| +r
r—lu(d)] +1 if —=3lv(d)|+r<k<A—|v(d)]

Lkﬂf\;}(d)IHJ —(k+]o(d))+1  if k> max(=3[v(d)] +r, A — |v(d)] — 1)

(o +7) = [fegierst] g if & < min(=3Jo(d)| + 7, A — [v(d)| — )
X1 (ke + fo(d)] + ) %2 if A= fo(d)] —r <k < =3lo(d)] +7
r—|o(d)] + 1 if —3lv(d)|+7r<k<X—|v(d)]

N V—sw(?\w—w 1 if k> max(—=3|v(d)| +r, A — |o(d)| —r)
| | (b Jo(@)] +r)%2 i k< min(=3[o(d)| + 7, A = [o(d)] = 1)
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Thus when we add ¢~ [*(@/+r Z_‘v(d)|_r§k§_3‘v(d)|+r(—qs)k back in we conveniently arrive at a
k=—|v(d)|4+r mod 2
coefficient of

;

a1 if A—|v(d)] —r <k < =3Jv(d)|+r

r— |v(d)| if —=3lv(d)|+r<k<A—|vd)]
1+

ij if k> max(—3[v(d)| + 7, A — [v(d)] — r)

\ L%J if k < min(—=3v(d)| +r, A — |v(d)| — 7).

If we now define

= ARCH in(2r — 2
& (k) [—\v<d>|—vf§g3|v<d>\+r1(0’mm( r = 2pe(d)], V)

then the coefficient can be written instead as 1+ c, (k).
Similarly, we unify the three remaining double sums by repeatedly splitting into five
double sums and re-collating everything. The entire expression delightfully collapses into a

single double sum as follows:

—|v(d)|+r—1 —j—4|v(d)|+2r

Z Yo d(=¢)

k=j—2r
—2|v(d)|+ - —2j—6|v(d)|+3r
+ Z > (=)
j=0 k=—j—4|v(d)|+2r+1
—lv(d)|+r—1 —j+A—4|v(d)|+2r

+ > > ¢ (—4)"
7=0 k=max(j+1,—2|v(d)|4+r+1)—2j—4|v(d)|+2r
—2|v(d)|[+r—1 —j—4|v(d)|+2r

S
0 k=j—2r
—lv(d)|+r—1 —j—4lv(d)|+2r 4

+ > d=¢)
j=max(—2|v(d)|+r,0) k=j—2r
—2lv(d)|+r—1  —2j—6|v(d)|+3r

RS ey

j=0 k=—j—4|v(d)|+2r+1
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—2Jv(d)|+r—1  —j+r—4|v(d)|+2r

+ > ¢ (—¢")"
Jj=0 k=—2j—6|v(d)|+3r+1
—|v(d)|4+r—1 —j+A—4jv(d)|+2r

+ oo d(=¢)

j=max(—2|v(d)|+r,0) k=—j—4|v(d)|+2r+1

—2lv(d)|+r—1 —j+1—4|v(d)[+2r —lv(d)|+r—1 —j+A—4|v(d)|+2r
= > Y =)+ > > d=)
j=0 k=j—2r j=max(—2|v(d)|+r,0) k=j—2r

—|v(d)|[+r—1 —j+A—4|v(d)|+2r

= > Yo A=)

j=0 k=j—2r

Thus, at this point we now have

A=3|v(d)|+r
Orb(y, 1k _,s) = Y, ¢ "D (14 ¢y (k)(=¢")"
k=—|v(d)|—r

—|v(d)|4r—1 —j+A—4|v(d)|+2r

+ ) Y =)

j=0 k=j—2r
A—3|v(d)|+r
= Y e (k) ()t
k=—|v(d)|—-r

—|v(d)|+r —j+A—4|v(d)|+2r

+ Z Y. I

k=j—2r

Interchange the order of the latter sum to be k first:

A—=3|v(d)|+r
Orb(y, 1k, _,s) = > ¢ " Me,(k)(—¢")*
k=—[o(d)|—r

A—4|v(d)|+2r min(k+2r,—|v(d)|+r, \—4|v(d)|+2r—k)

+ ) > ¢ (=)

k=—2r §=0
Putting this all together gives Theorem 5.5.10:

Theorem 5.5.10 (Weighted orbital integral when v(b) = v(d) < 0). Let r > 0. Let v €
S3(F)rs

rs

and let b, d, X be as in Lemma 5.5.8 and Lemma 5.4.1. Suppose also v(b) = v(d) < 0.
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Then if |v(d)| > r, the entire orbital integral is zero. Otherwise define

n,= L ARCH - (r—[u(d),0)
c, = ARCH (0, min(2r — 2|v(d)|, A)).

[—r=lv(@) |, A+r=3[v(d)[]

Then for any r > 0 we have the formula:

A2r—4ju(d)]
Orb(v,1x;_,8)= > (D" (I+g+¢+--+¢"") ()"
k=—2r
Ar—3Jo(d)|
+ ) (k) (=D)rg (g,
—

7.7 Derivatives of the orbital integral on S3(F)

We now differentiate each of the three earlier theorems. Because of the similarity of the shapes
of the orbitals, we prove the general results Lemma 7.7.1 and Lemma 7.7.3 and specialize

them to the cases we need.

7.7.1 Analysis of the n, sum

Lemma 7.7.1 (Derivative of n, sum). Let C, W and H be integers with W > 4H > 0 and

W odd. Consider sums of the form
CH+2r+W
Er(s) — Z (1 +q+---+ qAR‘CH[C’727‘,C+2T+W](T72H)(k)) (_qs)k.

k=C—-2r

Then for any r > 0 we have

= (—1)"*¢ +ZH (W;1 +r—2(j —r)> -’

s=0 j=r+1

1 0
_logq %Er(S)
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r . W +1 .
—_1)y+¢ o — -,
P ()
7=0
Proof. Since 33,(0) = 0, the effect of C' is just multiplication by (—1)¢ and hence we assume
without loss of generality that C' = 0. For each 0 < j <r + H we consider the range of k
such that j < ARCH[_s, o, yw1(r,2H)(k). The derivative at s = 0 will give the coefficient for
¢
e For 0 < j < r, we have a contiguous range —2r + j < k < 2r + W — 5. When we
take the derivative of >, (—¢*)* at s = 0 we get we get logq - >, (—1)* across this
range. Since consecutive elements differ by 1, and W is odd, we get (—1)7 times half

the number of elements in the range, which is (2T+W_j);(_2T+j)+1 =Wt 4 2r — 4.

e For r+1 < j < r+ H, we have a contiguous range —2r +r + 2(j —r) < k <

2r + W — (r +2(j — r)) instead, and the same proof gives the coefficient of ¢’. ]

7.7.2 Analysis of the ¢, sum

We will use the following extremely easy lemma:

Lemma 7.7.2 (Extremely easy). If ap < ai are integers then

Z(k? —ap) k- (=1DF = (=1)". a1(ay —2ao +1) (=1 I (—1)m »

k=ag

- ap(ay —ap+1) (=1)% +(—-1)*»

D= k) ke (1) = (D)0 R e,

k=ag

Proof. This follows trivially by induction on a;. (Alternatively, use a symbolic engine like

WolframAlpha; see here for the first sum and here for the second sum.) m

Lemma 7.7.3 (Derivative of ¢, sum). Let C, W, L be integers with L > 1 odd and W > 0.
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Consider sums of the form
C+2W+Ltr
— : o 5\k
S()= > ARCH (Wmin(2rL)(®): (~0)"

k=C—r

Then for any r > 0 we have

(_1)r+w+c 9 . B % — % T if W=0 (mod 2)
log q % T(S) s=0 a W+L L+l .

Proof. Since ¥,(0) = 0, the effect of C is just multiplication by (—1)¢ and hence we assume
without loss of generality that C' = 0. Also, note that change L to L — 1 makes no difference
since L is odd (in general the ARCH (wp, w;) only depends on |w;/2]). With this assumption,

we could write explicitly

2W+L+r
Yr(s) = ARCH (W, min(2r, L — 1))(k) - (—¢*)*.
(S) k;r [—r,2W+L+r]( mln( " ))( ) ( q)
Then for any r > 0 we have
1 o 2W+L+r
P = —1)%. k- ARCH (W, min(2r, L — 1))(k).
logq s (s) B k; (=1) [_T72W+L+r]( ,min(2r, ) (k)

Let H := min(2r, L — 1) for brevity, which is even. We split the sum now into five parts:

1 0 W—r—1
log g Os () B kZ_:T( ) [_T»2W+L+r]( H)(k)
W—r+H-1
~1)¥-k- ARCH (W, H)(k
" k:;r( ) [—r,2W+L+r]( ’ )()
W+L+r—H
* ~1% k- ARCH (W, H)(k
k=W;*+H( ) [—T,2W+L+T]( )( )
W+L+r

~1)*. k- ARCH H)(k
+ Z ( ) [fr,2¥/1{/(;r[/+r](m )( )
k=W+L+r—H+1
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2W+L+r

+ > (=D*-k- ARCH (W, H)(k)

k=W—+L+r+1 [=7,2W +L+r]
W—r—-1
= > (D ke (k)
k=—r
W—r+H-1
E— (W —r)
EEAUIS A k—W-—-r)
+ ) (D)Fk (WJ* ; J)
k=W —r
W+L+r—H I
1k H
Y, (DR <W+ 2)
k=W —r+H

W+L+r
N —1’“-1<:-(W+{W+L+T_kD
k=W+;r:7“H+1( ) 2
2W+L+r
+ > (CDFk-@W AL+ —k).
k=W+L+r+1

We can take out the contribution of r in the second, third, and fourth sum and write

W+L+r
L+2r+1
ST kW = ()Y %
k=W —r
The remaining part of the third sum is
WHL+r—H
2 2 2
k=W —r+H
By Lemma 7.7.2, the first sum is
N wor WW—r—1) (=) + ()W
S0 0k (k) = (vt R : (1)
k=—r

and the fifth sum is

2W+L+r
Z (_1)k'k‘(2W+L—|—r—k):(—1)W+L+r+1,W(W+§+T+1)
k=W+L+r+1
—1)rtt —1\W+r
— Z( ) S (2W 4+ L+7).
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This sum equals

W—r—1 2W+L+r

(=D k-(k+r)+ D (=DPk-@W A+ L+r—k)

k=—r k=W+L+r+1 (7.8)
_ (_1)W+TW(L +22r +2) (D)W (W %2) 2W +2L + 27“‘

Similarly, if we set aside the floors for the moment the second and fourth sum give

W—r+H-1 o
k— (W — —1)W-r-t
> (=D ke (2 r)_{ )4 "H-(W—r+H-1)
k=W —r
W+L+r
L _ _1W+r
S (ke EE 2” k:<i H-(W+Ltr—H+1)

k=W+Ltr—H+1

by Lemma 7.7.2. Their sum is

W—r+H-1 W+L+r
k— — L —k
Z (_1)k.k.M+ Z (_1)k.k.W+ tr
2 2
k=W —r k=W +L+r—H+1 (7.9)
(_1)W+r

- -H - (L+2r+2-2H).

We now add in the correction terms of —1/2 from the floor:

e (R HO)

k=W+r+1 mod 2

R R (R R ()]

W+ L+r—H+1<k<W+L+r
k=W+L+r—1 mod 2

As L is odd the sum of these is equal to

S D)k (—%) + 3 (—1)F k- <—%)

W—r<k<W—r+H—1 W L+r—H+1<k<W+L+r
k=W -r-+1 mod 2 k=W-+L+r—1mod 2 (7.10)

ﬁ-(%—([xk%)%).
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Hence, if we sum all of (7.6), (7.7), (7.8), (7.9), (7.10) we obtain

—H)W+r 9 L+2 1 L+2r—-2H+1 H
L—Er(s) _ gy Lzl Lt +1 H
logq Os R 2 2 2

W(L+2r+2 2W+L+2
n (+2T+)—(W%2)-%

1 1 /H? H

% oW+ L+2r H
:7—(W%2).%—Z((L—1)+2r—1{).

Since H = min(L — 1,2r), it follows H - (L — 1) +2r — H) = 2r(L — 1), and finally the

variable H is gone. Hence

(=)W+r 9 W QW+ L+2r r
— 3, =— - W%2) —— — - (L -1
logg Os (5) s—0 2 (W%2) 2 2( )
which equals the claimed expression. O]

7.7.3 Proof of Theorem 5.6.1

All that remains is to apply the above lemmas with the correct inputs. To spell out the

details:
e For / odd, consult Theorem 5.5.2.
— Apply Lemma 7.7.1 with C =0, W =/(+4 26 and H = Z’Tl
e For / > 0 even, consult Theorem 5.5.7.

— Apply Lemma 7.7.1 with C' =0, W = A +20 and H = £.

— Apply Lemma 7.7.3 with C =0, W =0 — %E and L =\ — /.

e For ¢ < 0 even, consult Theorem 5.5.7. If r < |v(d)| then all the orbital integrals are
zero anyway. Otherwise, we replace r by to r — |v(d)| > 0 and then apply the following

lemmas:
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— Apply Lemma 7.7.1 with C' = —2|v(d)|, W = X and H = 0 and r replaced by
r—|v(d)].

— Apply Lemma 7.7.3 with C' = —2|v(d)|, W = 0 and L = X and r replaced by
r—|v(d)].
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Chapter 8

Synopsis of the weighted orbital integral
Orb((7, u, VT), ¢ & 1O%><(O?,)\/> s) for
(v,u,v ") € (So(F) x VJ(F))s and

¢ € H(S2(F))

Throughout this section, H = GL,,(F) (rather than H = GL,_;(F')) and K’ = GL,(Op).
For the concrete calculation, we are mostly interested in the case n = 2. The goal of this
chapter is to define the orbital integral in Theorem 1.3.1 and give a precise statement of the
parameters used to state the formula, as well as the dependencies between the parameters

that needs to hold in order for the matching to work.

8.1 Definition

For our conjecture, it will be enough to define the weighted orbital integral in the case where

our function is of the form

¢ ® Lopx(op)v
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where ¢ € H(S,(F)) is the left component, and the right component is the indicator function

defined in the obvious way:

lopxopyv: V.(F) — {0,1}

1 uand v’ have Op-entries
(u,vh) —

0 otherwise.

Then, unsurprisingly from the definition of our action as
he(y,u,v') = (hyh™" hu, v h™")

we analogously define the weighted orbital integral as follows.

Definition 8.1.1 (|Liu21, §1.3]). For brevity let n(h) := n(det h) for h € H. For (y,u,v') €
Sn(F) x VI(F), ¢ € H(S,(F)), and s € C, we define the weighted orbital integral by

Orb((’% u7 VT)) ¢ ® ].O;L‘X(Og)\/’ 8)

= ¢(h_17h)1ogx(og)v (hu, v A= Y)n(h) |det(h)[5" dh.

heH

Definition 8.1.2 (The abbreviation 9 Orb((y,u,v"), ¢)). Moving forward we abbreviate

0
O0((1,u,v"),0) = 5| Orb((7,1,v7),0 @ Lopa(opyvss).
s=0

As before it seems this weighted orbital integral should be related to an ordinary one.
To define it, fix a self-dual lattice A,, in VI of full rank. First, if (g,u) € U(V) x VI and
f € H(U(V)), then we define an orbital integral for U(V;') x VI by

OrbU (Vi) xVir (g,w), f ®14,) = / f(xilgx)lAn (q;*lu) dz. (8.1)

Uvi)
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Then in the spirit of [Liu21, Conjecture 1.9] and Theorem 5.1.3, we propose the following.
Conjecture 8.1.3 (Relative fundamental lemma in the semi-Lie case). Let ¢ € H(S,(F))
and (y,u,v") € (S, (F) x V!(F))s. Then

W('}/, u, VT) OI‘b(¢ ® 107}%><(O;E)V7 (77 u, VT>7 0)

0 if (v, u,v") € (Su(F) x Vi(F))s

n

OrbU(W)XV’t((g,u),BCg:A(@ ® 1) i (vu,vT) € (Su(F) x Va(F))L

where the transfer factor w is defined in Chapter 13.

Wei Zhang suggests that this conjecture can be proven by similar means to Theorem 5.1.3,

but since it is not necessary for this paper we do not pursue this proof here.

8.2 Basis for the indicator functions in H.(S2(F))

From now on assume n = 2. This section is almost an exact analog of Section 5.2, so we will

be slightly terser. Again set
52(F) = {g € GLy(E) | gg = idy} .

We again have a Cartan decomposition indexed by a single integer r > 0:

Lemma 8.2.1 (Cartan decomposition of Sa(F')). For each integer r > 0 let

w
K{var = GLQ(OE) .
w " 0
0 ="
denote the orbit of under the left action of GLo(Og). Then we have a decompo-
w " 0
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sition

So(F) = [ K&,
r>0

Proof. This is [LRZ24, Equation (7.1.7) and (7.1.8)]. O

Like last time, K is the part of Sy(F) for which the most negative valuation among the

nine entries is —r. And as before we abbreviate the r» = 0 term specifically:
K= Kg,

1

Repeating the definition
Kgop = S3(F)Nw " GLy(Op) = Ky U Kg, U---UKg,

we get a basis of indicator functions for the Hecke algebra H (S (F)):

Corollary 8.2.2 (Basis of H(S3(F))). Forr >0, the indicator functions 1y, _ form a basis

of H(S2(F)).

8.3 Parametrization of ~

From now on assume n = 2, and that (y,u,v") € (So(F) x V), is regular.

8.3.1 Identifying an orbit representative

The weighted orbital integral depends only on the H-orbit of (v,u,v'"). Consequently,

we may assume without loss of generality (via multiplication by a suitable change-of-basis
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h € H = GLy(F)) that

(We know u is not the zero vector from the regular condition applied on (y,u,v').)

a b
Meanwhile, we will let v = € GLy(F) for a,b,c,d € F. Then, viewed as an

c d

element of GL3(F) via the embedding we described earlier, we have

a b 0
(77u7VT)'_> c d 1 GMat?)(F)'

0 e 0

0 b
Thus, our definition of regular requires that is linearly independent from and

1 d

(0 e) is linearly independent from (c d). This is just saying that b, ¢, e are all nonzero.
We also know that v € Sy(F), which gives us relations on a, b, ¢, d (the same as [LRZ24,

Equation (7.3.2)]); we have

be=be=1—aa=1-dd,

Ql
jwpll

1 0 a b
g —
0 1 c d

ol
SH

d = —ac/¢ = —ab/b.

8.3.2 Simplification due to the matching of non-split unitary group

Like before, we focus on the case where regular (y,u, v') matches an element in the non-split
unitary group. As we described in Proposition 3.3.2, this is controlled by the parity of v(A),

where

A = det ((VTVHju)OSMSn_l) :
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When n = 2, for the representatives we described before, we have

o e de
(VT'YH]“) 0<ij<n—1

de bee + d?e

SO

A = bee? =

(1 —aa)e’.

[l

Hence, v(A) is odd if and only if v(1 — aa) is odd. Thus, we restrict attention to the following

situation:

Assumption 8.3.1. We will assume that
v(l —aa) =1 (mod 2).

In particular, @ must be a unit. And since d = —ac/¢, it follows d is a unit. In other

words, Assumption 8.3.1 gives the direct corollary

8.4 Parameters used in the calculation of the weighted
orbital integral

The situation is simpler than Section 5.4 and we will state our derivative in terms of the five

integers r, v(b), v(c), v(e) and v(d — a). From Assumption 8.3.1, we actually get that
Assumption 8.4.1. We have that
e v(b) +v(c) is an odd positive integer;

e v(d—a)>0.
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These are the only constraints between these five numbers we will consider (together with
r > 0). However, we mention that we will only be interested in the case when v(e) > 0 since
in the case v(e) < 0 we will shortly see that Orb((v,u,v"),$ ® 1ony(on)v,s) = 0 identically
in s in that situation.

For convenience, we summarize all the assumptions on the shape of (y,u,v') in the

following single lemma.

Lemma 8.4.2 (Parameters for (y,u,v') € (Sy(F)xVJ(F))ss). Suppose (y,u,v') € (So(F)x

Va(F))s. Then one can choose a representative of the GLy(F)-orbit of (v,u,v") of the form

where a,b,c,d,e € F satisfy bece # 0,

be=bé=1—aa=1-dd,

d = —ac/é = —ab/b.

Moreover, we always assume (y,u,v'") matches an element of (U(Vy) x V3 ) rather than

(U(VF) x V)., this is equivalent to Assumption 8.3.1 which states that
v(l—aa) =1 (mod 2).

In particular, we may assume v(a) = v(d) =0 and v(b) +v(c) > 1 is odd (Assumption 8.4.1).
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Chapter 9

Support of the weighted orbital integral
for So(F) x VJ(F)

We assume (y,u,v') is as in Lemma 8.4.2 throughout this chapter.

9.1 Iwasawa decomposition

The overall method is to take the Iwasawa decomposition in K AN form:

Lemma 9.1.1 (Iwasawa decomposition). Every element in h € GLy(F) may be parametrized

as

z1 O 1
bk 1 Yy
0 ) 01

where k € K' = GLy(OF), 21,29 € O and y € Op.

Because the orbits are invariant under conjugation by K’, the parameter k can be discarded.

The Haar measure in these coordinates

T

D)

d*xzy d*ze dy
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where we take multiplicative Haar measure on F'* (normalized so that Oy has volume 1) and

additive Haar measure on F' (so O has volume 1).

9.2 Action of upper triangular matrices on (y,u,v')

We now compute the action of an arbitrary

hyh™' =

1 0 cy+a —cy?+(d—a)y+b| (27" 0

0 @ c —cy +d (I

cy+a 2o (—cy®+(d—a)y+Db)

2. ¢ —cy+d

Meanwhile, we have
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9.3 Description of support

From now on we fix the notation

ny = v(wy)

ny = v(wy).

Note that although ny > 0, the value of n; will often be non-positive. In fact n; is not

particularly simple to work with and we will prefer to introduce the notation
m=ng +v(c)+r—mn (9.1)

instead to use as a summation variable. This is chosen so that % ce€w "Op <— m>0.

Note that it follows we have

ny+ng =2ny —m+ov(c) +r (9.2)

9.3.1 Collating the linear constraints

For a given r > 0, we find that h contributes to the integral exactly if hu and v'h~! have
Op-entries, and all the entries of hyh™! are in @ "Op. The former condition is just saying

that
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Now we consider the entries of hyh™!. First, because a and d are units by Assumption 8.3.1,

and r > 0, it follows that

cy+a,—cy+dew "Op < cycw "Op

— v(y) > —v(c) —r.

Moreover,

x
2w Op = ng +v(c) —ng > —r <= m>0.
T

In summary, up until now we have the following requirements imposed:

0 <ny <v(e)
0<m
v(y) > max(—ny, —v(c) —r)

= max(m — ny,0) — v(c) —r.

9.3.2 The quadratic constraint

As for the quadratic constraint, we seek y such that

%-(—cyQ—F(d—a)y—i-b) €w "Op
a b
< U(—y +Ty+g> ZTLQ—TM—U(C)—’I“

=m — 2v(c) — 2r.
As before, we complete the square:

d—a b ( d—a>2 b (d—a)?
—|\y— +-+—F

Cc C
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Because bc = 1 — aa has odd valuation, it follows that g = lz—g‘_’ has odd valuation to. On the

other hand, (d;c’;)2 has even valuation.

This motivates us to introduce the following parameter:

Definition 9.3.1 (6). We define
6 := min (v(b) + v(c), 2v(d — a)) > 0.

Note that v(b) + v(c) is odd, so 0 takes the odd value if v(b) + v(c¢) < 2v(d — a) and the

even value otherwise. This definition ensures that

v<9+w_ay>=9—2mq

c 4c?

9.4 C(Cases based on 6

Henceforth we consider two cases based on . We number these Case 5 and Case 6 to prevent

confusion with the cases introduced in Chapter 6.

Case 5 Let’s assume first that
0 —2v(c) >m—2v(c)—2r <= m<60+2r.
Then the only additional condition on y is that

U(y—d&“)z[gw—m@—n

We refer to this as Case 5.

Case 67 / Case 6° Otherwise assume that

0 —2v(c) <m—2v(c)—2r <= m>0+2r.
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Then in order for y to satisfy the constraint, we would need to be in a situation where

20(y — 52) = 6 — 2v(c). So this case could only arise at all when 6 is even, that is

0<2v(d—a)=0<v()+v(c)

(note that v(d — a) > 0 because a and d are units). As the quantity 2 + (d;—ay must be

c2

a perfect square, we denote it by 72, with

This gives us the factorization

b 2_(d—a)2_ _d—a +d—a
c 4z 7 2c T 2c )

The left-hand side has odd valuation v(b) — v(c), so the two factors on the right

have unequal valuations and hence exactly one of them has valuation the same as

v(%=2) = v(7). Hence, we agree to fix the choice of the square root 7 so that

and in particular v (7’ + ‘12_—6“) > v (7‘ — d_“).

In any case, the constraint on y is that
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By assumption, the second equation is true whenever the first inequality is and we may
disregard it. Case 67 refers to the situation where the £ sign is + and Case 6 refers
to the situation where the F sign is —. And these cases must be disjoint because the

right-hand sides above are unequal.

9.4.1 Analysis of Case 5

The triple (x1,x2,y) € Of x O x Op contributes to the weighted orbital integral in Case 5

exactly if the following identities hold:

However, from the definitions we already know that

v(d;f—O) szg—v(c)—r

so the disks in the last two conditions have nonempty intersection. Hence the earlier
Lemma 2.2.2 applies to tell us that the locus of valid y is a single disk whose volume in O is

given by

— max(m—na,[m/2],0)+v(c)+r —max(m—nz,[m/2])+v(c)+r )

q =4
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The volume contribution for and x; € OF and xs € OF is also 1, because v(x;) and v(x2)

are fixed. Hence the overall volume of the support in H for this pair (m,ns) is given by

ﬂ qnzfnl VOI({y | o }) — qnzfnlfmax(mfng,[m/2])+v(c)+r

X2

m—max(m—na,[m/2])

And again, this case is summed over

0 < ny <w(e), 0<m<80+2r.

9.4.2 Analysis of Case 67 and Case 6

Again, this case could only occur if 6 is even. The triple (z1, x2,y) € Of x O x Op contributes

to the weighted orbital integral in Case 67 and Case 6™ exactly if the following identities hold:

0 <ny <w(e)
0+2r <m

v(y) > max(m — n9,0) —v(c) — 7

v(y— (d;Caj:T)> Zm—g—v(c)—QT.

The last two inequalities specify disks. So in each case, via Lemma 2.2.2 we get a nonzero

contribution if and only if the distance between the centers 0 and % 4 7 has valuation at

least that of the smaller of the two right-hand sides, that is

v (dz—ca :|:7') > min (max(m —n9,0) —v(c) —r,m— g —v(c) — 27“)

= min (max(m —n9,0),m — g - r) —v(c) —r.
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Hence the upper bound on m is given by two different requirements, depending on which of

the two values of v (% + 7') + v(c) + r is given by the case:

e In Case 6, we need at least one of the inequalities

max(m — ny,0) < v(b) — &+ v(c) +r,

m < v(b) +v(c) + 2r

to hold. Now the inequality 0 < v(b) — £ + v(c) + r is always true, as 6 < v(b) + v(c),

so we can disregard it. Therefore this can be rewritten as just
0
m < max | r,ng — 2 +v(b) +v(c) + .

e In Case 67, we need at least one of the inequalities

max(m — ny,0) < £+

m<60+2r

to hold. But m < 0 + 2r is always false and 0 < g + r is always true, so this simplifies
to

0
m§n2+§+7‘.

Assuming m lies in the valid range so that the locus of valid y is nonempty, it follows that

the volume is given exactly by

— max(m—mng,m— g —7r,0)—v(c)—r

— max(m—ng,m— % —r)—v(c)—r

q =4q
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Hence the overall volume of the support in H for this pair (m, ns) is given by

ﬂ an—Tu VOl({y | o }) _ qn27n1*maX(M7n2,m7g7T)+U(c)+r

X2

m—max(m—ng ,m— g —7”)

=q
— qmin(nz,%Jrr)'
And this sum is over two ranges of m (although the ranges obviously overlap, they set of y
they cover is disjoint):
0
0+ 2r <m < max | r,ny — 3 +v(b) +v(c) +r

0
9+2T<m§n2+§+r.

Note the second range could be empty if n, is small enough, but the first range is always

nonempty.
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Chapter 10

Evaluation of the weighted orbital
integral for Sy(F) x V(F)

We continue to assume (y,u,v') is as in Lemma 8.4.2 throughout this chapter.
We now aggregate the supports we found in the previous section together with the
definition of the weighted orbital integral to extract the desired formulas.

Recall that the weighted orbital integral was defined as

Ol"b((")/, u, VT)) ¢ ® 1O’I§X(O})V7 8)

— qﬁ(h’lfyh)logx(og)v(hu,vTh’l)n(h) |det(h)| " dh

heH
and that after taking Iwasawa decomposition as
h=k

0 T 0 1

we broke the sum based on ny; = v(x;) and ny = v(xs). For h as above, we know that
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des ()7 = ().
Applying (9.2) we find that

() [det(h)[* = (g°)22 O,

10.1 The contribution for Case 5

We assume 0+2r > 0, because otherwise the entire sum is empty. Hence, the total contribution

for Case 5 is

) 6+2r

Z Z qm max(m— nz,(m/ﬂ)( )2n2—m+v(c)+r

no=0 m=0

v(e) 9+2r

— Z Z qmm na, m/2j) )2n2—m+v(c)+r'

na= =0 m=0

We'll change the summation variable to
ki=2n,—m+uv(c)+r < m=2n, —k+v(c)+r.

Then

v(e) 2na+v(c)+

5 S SR

n2=0 k=2no—6+v(c)—r

(e) 2na+v(c)+r

_ Z Yoo O D gy

n2=0 k=2no—0+v(c)—

We then interchange the order of summation so that k£ is outside. Then k runs from the
lowest value of k = —6 + v(c) — r to the largest value k = 2v(e) 4+ v(c) + r over all choices of
n9. Since

2ng — 04+ v(c) —r <k <2ny+v(c)+r
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then in addition to 0 < ny < v(e) we also need

k—wv(c)—r <y < k+9—v(c)—i—r.
2 2
In other words, we obtain
2vu(e)+v(c)+r min(v(e),t%J) e olerin)
D DR U D DR e
k=—60+v(c)—r m:max(oj "kfv(Qc)fr"|)
2v(e)+v(c)+r . o aeyin ooy
Y ) (e L @) ),
k=—60+v(c)—r

Here, we retain the convention from Chapter 7 that ellipses of the form

-/

will denote the expression ¢’ + ¢*~! + --- 4+ ¢ (i.e. within any ellipses, the exponents are
understood to decrease by 1, and the sums are always nonempty, meaning i > ).

To simplify the exponent, write

min (0(6)7 {mef;(c)wp — max (07 {kfv(;)fﬂ)
min (v Lk+6 v(©) TJ) + min <O, L—U(C);T_kJ> (10.1)
(

Lk—l—Q v(c) TJ U(G) + Lv(c)—;—r—kJ ,v(e), {k-{-@—;(c)-i—’/‘J + Lv(c)—;—r—kJ) .

min

This already completes Theorem 1.3.1 in the situation when 6 is odd since Case 61 and

Case 6 do not appear at all. However, let’s turn to the remaining cases first.
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10.2 The contribution for Case 6™ and Case 6

Herein we assume 6 = 2v(d — a) > v(b) + v(c) is even, and in particular § > 0. We get a

contribution of

v(e) max('r,ng — % ) +ov(b)+v(c)+r

6+ . min ng,Q—H“ s\2n2—m-+v(c)+r
=y > grin(m 5 ) (— gy
no=0 m=0+2r+1
fu(e Tl2+ +r

Z Z min n2,2+7") (_qs)2n2—m+v(c)+r.

n2=0m=0+2r+1
We will split 15" into two parts:

-H” v(b)+v(c)+2r

Z Z qng (_qs)Qngferv(c)Jrr

n2=0 m=0+2r+1
v(e) nz—%+v(b)+v(0)+r

+ qg—l—r Z Z (_qs>2n2—m+v(c)+r'

No= % 4l m=0+2r+1

Note that the second sum is nonempty only when v(e) > g + 7. So we consider cases on this

in what follows.

10.2.1 Sub-case where v(e) < g +7r

First, suppose v(e) < g + r. Then the contribution of Case 67 is void, since the inner sum of

I% contributes only when ny > g + r. We only need to consider

v(e) u( c)+2r

16—&— _ Z Z qng(_qs)Qng—m-i—v(c)—‘r’r

n2=0 m=0+2r+1
v(e) 2ng2—6+v(c)—r—1

=Y Y (=)

ne=0 k=2no—v(b)—r
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Swapping the summation order so that £ is outside, the sum runs from the lowest value

k = —uv(b) — r up to the highest value k = 2v(e) — 0 4+ v(c) — r — 1, subject to 0 < ny < v(e)

and
2ng —v(b) —r <k <2ny—0+uv(c)—r—1
[kﬁte—v(c)%—r—l—lw << V:+v(b)+rJ.
2 2
Thus,

20(e)—O4v(c)—r—1  min(v(e), | EEUPIET )

rr= Y > " (=¢")".

k==v(B)=r  py—max(o, [ EHe=uril )

10.2.2 Sub-case where v(e) > g +r

We start on I%; note if ny < £ + 7 then the inner sum of /% has empty range anyway.

Consequently, we can simply write
ng—i—%—i—r

76 — qg—H“ % Z (_qs)2n2—m+v(c)+r

n2:%+r+1 m:9+2r+1

which in particular is nonempty. In that case, simplifying the inner sum gives
v(e)
16— _ q%-l—r Z ((_qs)2n2—9+v(c)—r—1 I (_qs)ng—g-l—v(c)) .

n2:g+r+1

We collect the coefficient of (—¢*)* for each k. The lowest value of k which appears is
k = v(c) + r + 1; the highest one is k = 2v(e) — 6 + v(c) — r — 1. For these k, the coefficient

is the number of integers nsy such that

0
§+r—|—1§n2§v(e)
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and

ng—g+v(c)§k§2n2—9—r—1+v(0)

k+9—v(20)+r+1 §n2§k+g—v(0).

k+0—v(c)+r+1

5 > g + 7+ 1 for k in the desired range. Hence we have

Note we already have

2v(e)—0+v(c)—r—1

1% = g3t > <1 + min (v(e), k + g — U(c))

k=v(c)+r+1

—max(g+7“+1, [k+0—v(c)+r+1D)(_qs)k

2

2v(e)—0+v(c)—r—1

RS (1 + min (v(e),k + g - v(c)) _ V o= ”(20) et 1D (—¢")".

k=v(c)+r+1

The second double sum of 75" is again nonempty since v(e) > g + r. So we compute it in

a similar way to I% by putting

v(e) n2—§+v () +v(e)+r

q%+r Z Z (_qs)2n2—m+v(c)+r

ng:%—i—r—i—l m=0+2r+1
v(e)
—_ q%Jrr Z ((_qs)2n279+v(c)fr71 44 (_qs)nng%fv(b)) )

n2:g+r+l

Again we calculate the coefficient of (—g*)F.

The values of £ run from the lowest value
k=6 —uv(b)+r+ 1 and end at the highest value k = 2v(e) — 0 + v(c) — r — 1. In this range

we needg—l—r—l—lgnggv(e) and

n2+g—v(b)§k§2n2—0+v(0)—r—1

kE+60—v(c)+r+1 <
5 <

0
nggk—§+v(b)
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The double sum therefore becomes
2v(e)—0+v(c)—r—1

S 02

k=0—v(b)+r+1

_max<g+r+17 V—F@—v(zc)nLr—l—l'D)(_qs)k‘

It is natural to split this sum into k£ < v(c) + r and k > v(c) + r. In the former case, we

have both k — & + v(b) <wv(e) and § +r+1> {W—‘ ; in the latter case we have just

g +r+1< [W—‘ instead. Hence, the double sum simplifies further to

0y 6 0
gzt Z (1 + <k -3+ v(b)) — (5 +7+ 1) )(—qs)k
k=0—v(b)+r+1
2v(e)—0+v(c)—r—1
0., , 0 C[E+0—v()+r+1 vk
+ ¢z Z <1 + min (v(e),k 5 + v(b)) [ 5 (—q°)
k=v(c)+r+1
v(e)+r
=q¢7 Y (k=0+u(b) =) (=)
k=0—v(b)+r+1
2v(e)—0+v(c)—r—1

LAY (1 + min (v(e),k _ g +v(b)) _ V*Q —vle)+rt ﬂ )(_qS)k.

2
k=v(c)+r+1

Meanwhile, the first sum within /" can be computed as

%-H” v(b)+v(c)+2r %-H” v(b)+v(c)+2r
Z Z qng(_qs)2n27m+'u(c)+r _ Z qng Z (_qs)2n27m+'u(c)+r
no=0 m=0+2r+1 no=0 m=0+2r+1
g—l-'l" 2ng—0+v(c)—r—1
B ST S
n2=0 k=2nz—v(b)—r

We now interchange the summation so that £k is outside, running from the lowest value

k = —uv(b) — r to the highest value k = v(c¢) +r — 1. From

2ny —v(b) —r <k <2ny—0+uv(c)—r—1
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we require that 0 < ny < g + r and

k4+0—v(c)+r+1 k+r+ov(b)
5 SHQ_#-

In other words, we get

v(e)+r—1 min(%Jrr,Lv(b)%HcJ)

Z <_q8>k Z qnz'
" n2:max<0,(W")

Hence the total contribution from Case 6 can be written as

v(c)+r—1
I+ 1% = ()Z (—g)* (gl PR g )
k=—v(b)—r
, v(e)+r
gt Y (ko) =) (o)
k=6—v(b)+r+1
. 2v(e)—0+v(c)—r—1 0 .
DY (2 + min (v(e), k=g v(b)> + min (v(e), bt g - v(c))
k=v(c)+r+1

_ZVJFQ_U(QCH“LW)(_QS)@

We'd like to further simplify the coefficient of qg“’ as follows. First, we may as well write

2_2[k+9—v(c)+r~l—1

5 —‘ =2—((k+60—v(c) +7+1) + Lpyoro(c)tr=1mod 2)

= 1k+6+v(c)+’r50 mod 2 T U(C) —0—k—r.

Set aside the indicator function 1,191 (c)+r=0 mod 2 momentarily; we will merge it in a moment.

To consolidate the minimum’s in the third double sum, note that we have

U(c)+7“+1§v(e)+g—v(b)<v(e)+v(c)—g§2v(e)—9+v(c)—r—1.
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Hence, based on the value of k, we get the following coefficients:

o Ifu(c)+r+1<k<u(e)+ 2 —uv(b), we get

<v(c)—9—k—r)+(k—g+v(b))+(k:+g—v(c))

=k—0+v(b)—r.

o Ifu(e) + & —v(b) <k <wv(e) +v(c) — &, we get

o Ifv(e) +v(c) — & <k < 2v(e) — 0+ v(c) —r, we get

(v(ic) =0 —k—r1)+wv(e)+ v(e)

=2v(e) +v(c) — 0 —r.

Noting the expression in the first bullet also matches the coefficient of (—¢*)* for 6 — v(b) +

r+1<k<w(c)+r, we can now write

v(c)+r—1
]6+ + 16— — Z (_qs)k (qmin(%Jrr,Ll)(bH%HJ) 4ot qmax(O,(W}))
k=—v(b)—r
2v(e)—0+v(c)—r—1
9qr s
+ q2+ Z C('y,u,VT)(k)<_q )k
k=0—v(b)+r+1
2v(e)—0+v(c)—r—1
[ s
+ q2+ Z 1k+9+v(c)+r50 mod 2(_(] )k
k=v(c)+r+1
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as the overall contribution from Case 6, where

C(yuyT) (k) = min (k — 0+ v(b) —rv(e) - g —r,2v(e) +v(c) — 0 — r) :

10.3 Proof of Theorem 1.3.1

We now prove Theorem 1.3.1, which we restate here.

Theorem 1.3.1 (Explicit orbital integral on Sy(F) x V5 (F)). Let

satisfy the requirements in Lemma 8.4.2. Let r > 0.

Ifv(e) <0 orv(b) +v(c) < —2r, then
Orb<<77 u, VT>7 1K./5‘,§r ® ]-O%X(O’I?)V? S) =0

holds identically for all s € C.

Otherwise define

n(, 47 (k) = min <V+(U(2b)+r)J ) V%(GHUQ(C)M)_’CJ ,N)

where

N = min (v(e), % +r,o(d—a)+ r) .

Also, if v(d — a) < v(e) —r and v(b) + v(c) > 2v(d — a), then additionally define

Clyuym) (k) = min (k — (20(d — a) — v(b) +7),

(2v(e) +v(c) —2v(d — a) — 1) — k,v(e) —v(d — a) — ).
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,Ll n("/,u,VT) ,Ll

k=|2v(e) +v(c)+r

k=|—v(b)—r

k=|—v(b) —r+2N k=|2v(e) +v(c)+r—2N

ClyuvT)

(only if N =v(d —a) +7)

k=|—v(b)+v(e)+v(d—a)| k=|v(c)+v(e)—v(d—a)

Figure 10.1: Sketch of the functions in Theorem 1.3.1. The boxed numbers indicate values of

k.

Otherwise define ¢ yv7)(k) = 0. Then we have

2v(e)+v(c)+r
Orb((vy,u,v'), Igy . s) = Z (—1)F <1 +qg+¢ 4+ qn(%u,v—r>(k)> (¢)F
k=—(v(b)+7)
20(e)+v(c)—2v(d—a)—r
+ > (1) iy (K)g () .

k=2v(d—a)—v(b)+r
For reference, we provide Figure 10.1 sketching the shapes of n(, ,, vy and ¢, 47, which

may be easier to think about.
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Proof of Theorem 1.3.1. First, suppose 6 = v(b) + v(c) < 2v(d — a) is odd. Then

N, 47y (k) = min (V*‘(U(Qb)-&-T)J : {(20(6)+Uéc)+r)—kJ 0(e), vb)+o()-1 7“)

and c(, 1) terms do not appear. Now, in that case, the exponent (10.1) can be simplified,

because
V:-I—Q—Qv(c)—kr _ V;Jrv(zb)qtrJ
o(e)+ V(C)zr—z{ _ L(Qv(e)%—v(zc)—irr)—k:J
V+e—2v(c)+rJ+V(c)+2r—k: :k+¢9—2v(c)+r+v(c)+2r—k_%
v(12))+v(c)—1

= 5 +r<v(d—a)+r.

Hence, n, ,, ,7 coincides with the exponent in (10.1). So the result is true in this case.

Now assume instead 6 = 2v(d — a) < v(b) + v(c) is even. Notice that

k+60—uv(c)+r vic)+r—k 0
\‘ 2() J_i_\‘ () 5 J:§—|—T‘—1k+y(c)+r0mod2'

First assume that v(e) < £+ r and consider (10.1). For the range of values of k in I°,
that is

—v(b) —r<k<2v(e)—0+uv(c)—r—1

we have the first term of (10.1) is smallest, as

Vw_;(c)wJ < o0




So the contributions from Case 5 and Case 6 fit together to give

L k+07;(c)+'r J

S (O] o o))
§=0

= @[] g0
which thus matches the formula for n, ,, ,7)(k).
Now suppose instead v(e) > £ 4 r. First, a similar analysis gives that the first part of 16"

fits together with I° again. Indeed if

then in (10.1) we get the first exponent again, and hence we again get the fit

Lk+07;}(c)+rj

ST (L) oy e[

J=0

_ qmin(gw,twj) fog g

which matches the claimed formula for n(,, ,7) in this range.

The remaining contribution from Case 6T and Case 6 is

2v(e)—0+v(c)—r—1
[

q§+r Z C('y,u,vT)(k)(_qs)k
k=0—v(b)+r+1
2v(e)—0+v(c)—r—1

0
+ q2+r Z 1k+9+v(c)+r50 mod 2<_qs)k.
k=v(c)+r+1

The first sum matches the claimed coefficient ¢, ) (except the summation in the
theorem statement includes endpoints at k = 6 — v(b) +r and k = 2v(e) — 8 + v(c) — r, but
C(y,uvT)(k) = 0 at these two endpoints, so there is no change).

Meanwhile the second sum accounts for the discrepancy between the final term of (10.1)
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and the formula for n(, 7). That is, the range of & for which (10.1) achieves the last

minimum is exactly
vie)+r+1<k<2v(e)—0+v(c)—r—1

and only in those cases does (10.1) differs from n(, ,, vy by exactly 1xi91v(c)+r=0mod 2. This

final step shows the claimed formulas coincide. m

Example 10.3.1 (The special case v(e) = 0). When v(e) = 0 the expression is particularly
simple. The assumption v(d — a) > v(e) — r is automatically true, and n, ) is identically

Zero, SO
v(e)+r

Orb((, U7VT)7 1K/Sér ® lomxon)v, s) = Z (—qs)k-
k=—(v(b)+r)

Example 10.3.2. Suppose r = 14, v(b) = =5, v(c) = 100, v(e) = 3. We have v(d — a) >

0 > —11 = v(e) — r. Hence the above formula reads

Orb((v, u, VT>, 1y —9s

S,<14

® lonx(on)v,s) = —¢q
+q_88
—(g+1)-¢"
+(g+1)-¢*
—(+q+1)-¢™
+(H+q+1)-¢"
—(+ P +q+1)-¢>
+ @+ +q+1) ¢
—(+ P +q+1)-¢°
+ (P +¢+q+1)-¢

(P ++q+1)-¢
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+ (P ++q+1)-¢*
_(q3+q2+q+1)'q1118
(@ + P +q+1) ¢
(@ ++q+1)- ¢
+(q3+q2+q_’_1).q114s
—(*+q+1)-¢"

+ (@ +q+1)-¢""%
_<q+1)_q1178
+(g+1)-¢"

119s
—4q

4 quOS-

Example 10.3.3. Suppose r = 2, v(b) = =5, v(c) = 100, v(e) = 20, v(d — a) = 1. Then we

have

()rl)((FY7ll7‘/j_)a 11(' 3

5,<2

® Lonx(op)v,s) = —¢q
+q45
—(¢+1)-¢*
+(g+1)-¢%
— (P +q+1)-¢7
+ (P +q+1)-¢%
— (P + ¢ +q+1)-¢”
+ 2+ +q+1)-¢'”

~ B+ +q+1)-¢%
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+ AP+ +q+1)-q

10s

_<5q3+q2+q+1)q98

+(6¢°+ ¢ +q+1) ¢

—(17¢ + ¢ +q+1)-
+(18¢* + @ +q+1)-
— (18 +¢*+q+1)-

+ (18 +¢* +q+1)-

—(18¢° + ¢ +q+1)-
+(18¢* + @ +q+1)-
—(18¢*+¢*+q+1) ¢
+(17¢* + P +q+1)-
— (166> + ¢* +q+1) -

+(15¢* + @ +q+1)-¢q

+BP+¢@+q+1) ¢

— 2+ +q+1)-

25s

26s

27s

28s

117s

118s

119s

120s

121s

122s

134s

135s
q

+(q3+q2+q+1)'q1363

_<q2+q+1)_q137s
_}_(q2_’_q+1)‘q1385
g+ 1)
Hla+1) g

141s
-4



+ q142s'

10.4 Proof of Corollary 1.3.2

With Theorem 1.3.1 established, we aim to calculate the derivative of
Orb((v,u,v"), g1 5.< @ Lonx(on)v; S)

now at s = 0. Our goal is to prove Corollary 1.3.2:

Corollary 1.3.2 (Derivative at s = 0 for So(F') x VJ(F)). Retain the setting of Theorem 1.3.1.
Also define » = wv(e) — (v(d — a) + ). If both 3¢ > 0 and v(b) + v(c) > 2v(d — a), then we

have the formula

-1 v(e)+r
( kzgq 0 Orb((’% u, VT)7 1Ké,§r)
N
_ <2v(e)+v(b2)+v(c)+1 +r—2j) L
=0
i 3 if »=0 (mod 2)
— gt

<v(e)+w—20(d—a)—r> —% ifx=1 (mod?2).
Otherwise we instead have the formula

(=1)"* T
Wﬁ Orb((y,u,v'), 1g; _ )

_ Z <2v(e) +v(b2) +v(c) +1 e Qj) .

Jj=0

Proof of Corollary 1.5.2. For this calculation it will be more convenient to reformat Theo-

rem 1.3.1 as a sum over ¢’ rather than (—1)*(¢*)*. To that, continuing to write

N = min (U(e), o) + ;(C> Ll vd—a)+ 7’)
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consider any index 0 < 7 < N. Then
N uvny(k) > J = 25 —v(b) —r <k <2v(e) +v(c) +r—2j.

In other words, the first part of Corollary 1.3.3 can be rewritten as

2v(e)+v(c)+r 2v(e)+v(c)+r—2j

S (1 o) = o

k=—(v(b)+r) j=0 k=2j—v(b)—r
If we take the derivative at s = 0 with respect to k, we get
N 2v(e)+v(c)+r—2j
loggd (¢ D (D%
§=0

k=2j—v(b)—r

The number of terms inside the summation is 2v(e) + v(b) 4+ v(c) + 2r — 45 + 1, an even

number. Each consecutive pair differs by (—1)"(9+". Hence we get

(—1)v(E+ logqé (qj ' (2@(6) +v(b2) to@+l Qj)) |

Now in the case that v(e) > v(d — a) +r and 2v(d — a) < v(b) + v(c), we have to handle the

additional contribution obtained when we differentiate

2v(e)+v(c)—2v(d—a)—r

qv(d—a)—l-r Z <—1)kC(%u7vT)<k)(—qs>k (10‘2>
k=2v(d—a)—v(b)+r

at s = 0. For brevity, we will define
w=uv(e) —v(d—a)—1r>0.

(We allow the degenerate case x = 0 for convenience, in which case ¢, ) is still identically

z€ero.)
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We return to differentiating (10.2); to do so we reuse the (self-contained) extremely easy

Lemma 7.7.2 from before. For the range of k given, we split it into three parts.

e For —v(b) +r+2v(d —a) <k < —v(b) +v(e) + v(d — a), apply the first part of the

lemma to conclude that the contribution to the derivative is

a1 (o) +v(e)+v(d—a)—1)-
1 ) < _1)v(b)+v(e)+u(d—a)-1 | (—v(
ogq- ((—1) 5
(_1)v(b)+v(e)+v(dfa)+1 + (_1)v(b)+r

_ 7 (=v(b) +r+2v(d — a))).

e For v(c) +v(e) —v(d —a) < k < 2v(e) +v(c) —2v(d — a) — r apply the second part of

the lemma to conclude that the contribution to the derivative is

—ou(d - 1) -
logq . <(_1)v(c)+v(e)+v(d—a)+l . (U(C) + U<€) UQ( CL) + ) i
-1 v(c)tv(e)+v(d—a)+1 -1 v(c)+r
_ =Y 1 + (=l -(2@(6)+v(c)—r—2v(d—a))>.

e For the region —v(b)+v(e)+v(d—a) < k < v(c)+v(e)—v(d—a), we have c(, vy (k) = »

and the values of k& form P(C)H(b){ 2v(d_‘ﬂ consecutive pairs. So the contribution to

the derivative here is exactly

b)+v(c)—20(d—a)+1'

1 (=1 v(c)+v(e)+v(d—a) . U(
ogq-(—1) > 5

If we sum all three, we get a contribution of »log q - (—1)v(©+v(€)+vld=a) times

v(b) +v(c) —2v(d—a)+1 wv(c)+v(e)—v(d—a)+1

2 2
—v(b) +v(e) +v(d—a)—1 1
- 2 T2
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If s is even, then that’s all she wrote; we simply get

s —a)+r
(_1)U(c)+r+l . 5 . qv(d )+ 10g q.

On the other hand, if 5 is odd we get instead

% —a T
(=) S og g
1
— §q”(d’“)” log q - (—1)”(‘3)*”(6)*”(‘1’“) . <(2v(e) +v(c) —r —2v(d — a))

— (=) + 7+ 20(d — a)) )

= (—1)VOHr =+ o0 g {_ (v(e) + M —2u(d —a) — r) 4 g} .

These formulas match Corollary 1.3.2, proving it. (Note that we changed s > 0 to » > 0,

which makes no change since then the contribution is zero anyway.) O

10.5 Proof of Corollary 1.3.3

From Corollary 1.3.2 we can now prove Corollary 1.3.3

Corollary 1.3.3 (The special case d Orb((vy,u, v'), 1xr _ + Lre, <(T71))). Retain the setting
of Theorem 1.8.1. Also define s :=v(e) — (v(d — a) + ). Forr > 1 define

= if 2 >0 is odd and v(b) 4+ v(c) > 2v(d — a)
. %+”(b)+”(c)2_gv(d_a)_l if 2 >0 1s even and v(b) + v(c) > 2v(d — a)
v(e) = N if v(e) > % + 7 and 2v(d — a) > v(b) + v(c)
\0 otherwise
o (C’—i—l if 2> 0 and v(b) + v(c) > 2v(d — a)

0 otherwise.
\
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Then

(_1)v(c)+’r

aOI‘b((VvuaVT)v ]-K’ + 1K
log ¢

S,<(r— 1))

:(C]N—l—qN_l—|—"'+1)+OQN+C/C]N_1

Proof of Corollary 1.5.3. Observe that when we add the right-hand side of Corollary 1.3.2
to the same right-hand side with r replaced by r — 1, almost all the terms cancel. Indeed,

the main sum for 0 < j < N — 1 line up:

N-1
2v(e) + v(b) + +1 .
r+v(c Zq] ( v U(; U<C) +T’—2])
7=0

So we consider three cases:

e In the case where v(d —a) +r > v(e) and M + 7 > v(e) then the value of
N = v(e) does not change when we decrease r by one. Hence the term for j = N

cancels in both sums and we get exactly we get
(=)™ logg(1+q+ - +¢").

e Next suppose v(e) > % + r and also 2v(d — a) > v(b) 4+ v(c) (so the extra

v(b

terms involving s are absent). In that case N = & + 7. Then we are left with

(—1)"() 1og ¢ times

=

_ ) (QU(e) +o(b) +v(c) +1

5 + 7 — (v(b) + v(c) —1+2r)) q"

I
o

J
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N—

> (@) +
(¢°) +

2
0

<

(%@)—M@—%ﬁﬁ—l_r)dv
€)

D

0

(v< ) - 1) o

N
j=

This matches Theorem 1.3.1.

e Finally, suppose s > 0 and v(b) + v(c) > 2v(d — a) so that N = v(d — a) + r. Then we

are left with (—1)"+"(9 log ¢ times

. 2 b 1
(@) + ( vle) o) Fo(e) + +7r—2(v(d — a) +r)) i
=0
v 173 if =0 (mod 2)
+q -
g—(v(e)—i—w—%(d—a)—r) if =1 (mod 2)
N —= if x+1=0 (mod 2)
+a
1 (v(e) n v(b);rv(c) —2v(d —a) — (r — 1)) ifxx+1=1 (mod2)
N-1 2v(e)tu(b)+v(c)+1 _ _ _= —
_ ; N ( 5 +r—2(v(d a)+r)> > if2=0 (mod 2)
(¢") +4q
3=0 5+% if =1 (mod 2)
e =l (v(e) + —v(b);”(c) —2v(d—a)— (r— 1)> if =0 (mod 2)
—xH if =1 (mod 2)
N N (20(6)%(?”(6)71 +r—2(v(d—a)+ 7")) —% ifx=0 (mod2)
=Y (@) +d"
7=0 1 if =1 (mod 2)
o = — (v(e) + M —2v(d—a)— (r— 1)> if =0 (mod 2)

ot if =1 (mod 2)
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v(e)tv(b)4v(c)—1 %U(d o a) _ l?“) f2x=0 (mod 2)

:i(qj)Jqu- ( i 2

=0 ztl if x=1 (mod 2)
e (%U(d_‘_M_%U(d—a)—%r) if =0 (mod 2)
_q -

_xtl if x=1 (mod 2)

%+v(b)+v(0)—1—20(d—‘1)> if =0 (mod 2)

7=0 z1 if x=1 (mod 2)

wHoO)+eH=2d=0) if = (mod 2)
- =

—xfl if =1 (mod 2).

This matches Theorem 1.3.1, and the proof is complete.
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Chapter 11

Large kernel and large image

In this chapter we use Corollary 1.3.3 to prove both Theorem 1.3.5 and Theorem 1.3.6 for
the orbital integral on Sy(F') x VJ(F'), We also comment on an analogous result for S3(F),
although we do not provide all the details.

We assume (y,u,v') is as in Lemma 8.4.2 throughout this chapter.

11.1 In the semi-Lie case, the kernel is trivial if we allow
v(e) to vary, for every fixed choice of v

We prove Theorem 1.3.5 in this section. We treat v as fixed, satisfying the requirements of

Lemma 8.4.2, and we let
0 == min (v(b) + v(c),2v(d —a)) >0

as we did in Chapter 9.

Lemma 11.1.1 (The matrix of 9 Orb’s has full rank). Fiz y. Let N > 0 be a nonnegative
integer. We define an (N + | 2] +2) x (N +1) matriz M as follows: for 0 <i < N+ |¢] +1
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and 0 < r < N, the i row and r'* column takes the value

-1y 0 |
Mi,r = 0 Orb Y, {0 =t 3 ]-K’,Sr
1

logq

Then M has full rank.

The basic strategy of the proof will be to perform some sequences of row operations.

Specifically, we introduce the following definition.

e For each i = N + ng ,...,0in that order, subtract the i*® row of M from the (i 4+ 1)

row of M. Denote the new matrix as M’.

e For each i = N + LgJ —1,...,0 in that order, subtract the i'" row of M’ from the

(i + 2)" row of M’. Denote the new matrix as M".

Then the basic premise is to show that M” has an upper triangular submatrix. This is easier

to see with some illustrations, which we give below.

Example 11.1.2. For example, for N = 4 and v(b) + v(c¢) = 1, v(d — a) = 0 (hence § = 0),

we have
1 2 3 4 )
1 qg+3 2q +4 3¢+ 5 4q + 6
o 2 qg+4 ¢ +3g+5 2¢°> +4q+6 32 +5q+7
2 2q+5 ¢*+49+6 F+3¢7+5¢+7 2¢° + 4¢* +6q + 8
3 2046 2¢°+5¢+7 @F+4¢°+6¢+8 ¢*+3¢+5¢2+T¢+9
3

3¢+7 2P +6¢+8 2¢° +5¢°+Tq+9 ¢*+4¢° +6¢° + 8¢+ 10
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hence

12 3 4 5
0 g+1 2qg+1 3g+1 4g+1
v 1 1 @F+4q+1 2¢°+q+1 3¢ +q+1
0 ¢g+1 q+1 F+@F+q+1 23 +@F+q+1
1 1 ¢F4q+1  @F+qg+1l P +E+P+q+1
0 g+1 ¢+1 @F+¢F+q+1  F+P+q+1
and finally
12 3 4 5
0 g+1 2¢+1 3¢+ 1 49 +1
wo |t +q-2 2¢+q-3 3¢ +q—4
0 0 —q P+ —2q 2¢°+q¢>—3q
0 0 0 —¢? '+ ¢ —2¢°
0 0 0 0 -

Example 11.1.3. For example, for N =4, v(b) + v(c) = 17, v(d — a) = 2 (hence 0 = 4), we

have
9
8¢+ 10
7> +9q + 11
2
¢+ 10 + 12
M =

8q% + 11q + 13
2¢° +12q + 14

9¢® + 13q + 15

3¢% + 14q + 16

7¢3 4+ 9¢* + 11q + 13

@ +10¢% + 12¢ + 14

10

9q¢ + 11

8q¢% + 10q + 12

11
10q + 12

9¢%> + 11qg + 13

8¢% + 10¢% + 12¢ + 14

7¢* +9¢% + 11¢> + 13¢g + 15

8¢+ 11¢%> +13¢+ 15 ¢* + 10¢® + 12¢* + 14q + 16
2¢3 +12¢° + 14¢ + 16 8¢* + 11¢3 + 13¢> + 15q + 17

9¢° + 13¢% + 15g + 17 2¢* + 12¢° + 14¢> + 16¢ + 18
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hence

9 10 11 12
8q+1 9¢ +1 10g + 1 11g+1
T¢*+q+1 8¢ +q+1 9¢*+q+1 102 + ¢+ 1
. 6 +q+1 TP+ +q+1 8¢+ +q+1 9P+ +q+1
P+q+1 =6+ +q+1 T +E+F+qg+1 8¢+ +1
—6¢>+q+1 TP +P+q+1 —6¢'+F+PF+q+1 TP+ +1
P+q+1l =6+ +q+1 Tt +F P g+l =68+ + 1
—6¢>+q+1 ¢+ +q+1 —6¢*+F+PF+q+1 TP+ +1
and finally
9 10 11 12 13
8¢ +1 9q + 1 10g + 1 11g + 1 12 + 1
T?+q—8 82%+q—9 9¢>+q—10 10¢>°+q—11 11¢*>+q— 12
M”: 6> =7q T¢°+q¢* =8¢ 8¢°+¢*—~9¢ 9¢°+¢°—10¢ 10¢° +¢* —11q
0 —6q3—7q2 7q4+q3—8q2 8q4+q3—9q2 9q4+q3—10q2
0 0 —6¢* —7¢® TP+ ¢ —8¢ 8¢° +q¢* — 9¢°
0 0 0 —6¢° —7q*  7¢°+¢° —8¢*
0 0 0 0 —64¢° — 7¢°

Example 11.1.4. For example, for N =4, v(b) + v(c) =5, v(d — a) = 8 (hence § = 5), we
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have

3 4 5
2q+4 3g+5 49+ 6
@ +3q+5 2¢> +4q + 6 32 +5q+7
v 2¢° +4q+6 @A +3¢>+5q+7 2¢° + 4¢* + 6q + 8
32 +5¢+7 2¢°+4¢>+6g+8  ¢*+ 3¢ +5¢2+7q+9
42 +6g+8 3@ +5¢2+Tq+9  2¢*+4¢% +6¢* + 8¢ + 10
52 +T7¢+9 4¢° +6¢> +8¢+10 3¢ +5¢> + 7¢*> + 9q + 11
6¢°> +8q+10 5¢° +7¢> +9q + 11 4¢* + 6¢> + 8¢* + 10g + 12
hence
3 4 ) 6 7
2q+1 3¢g+1 4qg+1 5q +1 6g + 1
CHqg+1l 2¢2+q+1 32 +q+1 42 +q+1 5¢2 +q+1
A CHa+1l P4+ +a+1 280+ +q+1 3P+ +q+1 4P+ +q+1
e+l ¢+¢+q+1 A+ 1 208+ +1 3¢+ +1
+q+l ¢+ +q+1 441 @+ +1 2¢° 4 -+ 1
C+q+l ¢+ +q+1 ¢4+ ¢+ +1 ¢+ +1
C+q+1 ¢+ +q+1 ¢+ +1 ¢+ 1 ¢+t 1
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and finally

3
2g+1
2

e qa —4q

o o o O

4

3¢ +1

CH+q—2 2¢*+q—3

5
4g+1

3¢2+q—4

6
5q + 1

4> +q—5

C+d—2q 23 +¢*—3q 3P +¢*—4q

@ — ¢
0
0

0

7
6g + 1
5¢° +q—6
4¢° +¢* — 59

q4+q3_2q2 2q4+q3_3q2 3q4_'_q3_4q2

q5+q4_2q3

2¢° +¢* — 3¢
¢+ —2q"
& —

Proof of Lemma 11.1.1. In order to prove M has full rank, it suffices to prove M” has full
rank. We now confirm the patterns shown by the example above.
By quoting Corollary 1.3.2 we will write

min(z,r+ LgJ )

Mi,r = Z

=0 :
— 1950 mod 2 * qv(dfa)+7“ . (Z ! + tz)
>r40/2 2
where
_v(d-a) ifi+r=uv(d—a) (mod2)
ti —
v(b)+”(0)2*3”(d*“) ifi+r#uv(d—a) (mod 2)

depends only on the parity of i. Hence for ¢ > 1 we always have

Mi,,r - Mi,’l‘ - Mi—l,r
= —1g=0mod 2 - """ <Z Ty tz’)
i>r+0/2 2
1—1—7r
+ 19=0mod 2 - g et ( + tz—l)
i—1>r+6/2 2
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b 1 ,
+1igr+LgJ-<”(>+§(C)+ M_Z.)qz
min(i—l,r-‘,—LgJ)
D

j=0

From this we can make the following deductions on

/A VA VY
M/ =M/, — M,

i—2,r

by cancelling most of the terms.
o Ifi>r+|5|+3then M/, =0 is clear.
o Ifi=1r+ ng + 2 we contend that M, = 0 too.

— When 0 = v(b) + v(c) is odd, the surviving terms are

- <v(b) +g(c) LR 2)) d-% + L8]

v(b)+v(c)

Substituting in ¢ = r + 5 —1 4 2 gives zero, as needed.

— When 0 = 2v(d — a) is even, the surviving terms are

1= 1—2)—r
. qv(d—a)—l-r . < 5 + tz) + qv(d—a)—l-r . (% + ti—Q)

t—1—r
+ qv(d—a)—I—r . (_ + ti—l)

2

B (v(b) —1—121(0) +1 e (ie 2)> 2

—7’+i—2+1>
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Substituting in i = r + v(d — a) + 2 (and since t; = t;_»), we also get exactly 0,

Slnce tlfl — v(b)+v(c)2*3v(d7a) )

o Ifi=r+ ng + 1, we consider again cases on the parity of 6.

— When 0 = v(b) + v(c) is odd, the surviving terms are

- (U<b) * ;(C) +1 +r— (’L — 2)) qii2 + q”“LgJ + qH—LgJ -1 qH'LgJ — qH'LgJ_l,

— When 0 = 2v(d — a) is even, the surviving terms are

2
_( vd—a) vb)+v()—-3v(d—-a) 1\ ,, o
_<_ 2 2 §)q 4
- U(bH;’(CHl+r—((r+v(d—a)+1)—2)—1>q’"+m1
:_v(b)+v(c)—1—2v(d—a) |t
2
~ () +v(e) +21 —2v(d — a)q’”ﬂgj—l_

In the edge case where r = 0 and 6 < 1, it can be checked the same formula still

holds with the last term omitted.

Hence we have found a diagonal of M” below with all entries are zero, and on which all

entries are nonzero except possibly Mi'; = 0 in the case where r = 0 and ¢ < 1.
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Assuming r+ ng > 2, suppose we take the rows from i = r+ LgJ +luptos =r+ LSJ +N+1.
Then the resulting matrix is upper triangular. The determinant is the product of the diagonal
entries; up to multiplication by sign and a power of ¢, it equals and the determinant is equal

to

(g — 1)N*! if0=1 (mod 2)

N+1
<U(b)+v(c)—21—2v(d—a)q + v(b)+v(c)+21—2v(d—a)> ifo=0 (mod 2)

which is manifestly nonzero for any odd prime power q.
In the situation where r + ng = 1, we use the same rows except that we replace the row
for ¢ = 1 with the row for ¢« = 0, which has leftmost entry My = % > (. Hence the

same proof still shows that the determinant is nonzero. O

11.1.1 Proof of Theorem 1.3.5

We can now deduce:

Theorem 1.3.5 (0 Orb is injective even for fixed v € So(F)). Fiz any (y,u,v') € (Sy(F) x

VJ(F))- Then there doesn’t exist any nonzero function ¢ € H(Sa2(F)) such that

0 Orb ((7, u,w'v'), gzﬁ) =0

holds for every integer i. Thus Conjecture 1.2.4 holds for n = 2.

Proof of Theorem 1.3.5. Suppose we are given some function

b= Z<_1)TC7”1K’5,9 € H(S2(F)).

r=0
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Letting M be the matrix given in Lemma 11.1.1, we are supposed to have

Co
C1
M =0
CN
Since M has full rank, it follows that ¢co = --- = cy = 0. O

11.2 In the semi-Lie case, the kernel has finite codimen-
sion for fixed v(e)

We prove Theorem 1.3.6 in this section. We start with the following lemma.

Lemma 11.2.1 (A combination vanishing for large 7). Let (y,u,v') € (Sy(F) x V4 (F))x.

If r > v(e) + 2, we have

0Orb ((7, u,v'), lgy  + 21k oyt 1ng<(r_2)> = 0.

5,<(r—

Proof. This follows directly from Corollary 1.3.3 which gives

.
qu — 1qu 80rb ((fy,u,v ), (11(/ + 1K’s<(T 1)))
j=

( 1)7” 1 -
= i —o0m (v (L + ) =

We need one more lemma;

Lemma 11.2.2. There is no Y € C* such that
q3<Yr + Yfr> . 3q2(Yr71 + Yf(rfl)) + 3q(Yr72 + Yf(r72)) . (Yr73 + Yf(r73)> —0
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holds for all sufficiently large integers r.
Proof. Assume for contradiction such a Y € C* existed. Let Y** .= Y* 4 Y~* for brevity
for every integer k > 1. By writing the recursion relations

Y:I:(T—l) — Y:tl . Y:I:(T—Q) o Y:I:(T—3)

Y:I:T — Y:tl . Y:I:(r—l) o Y:I:(r—2)

_ ((Y:tl>2 i 1) . Y:t(r—2) i Y:tl . Y:I:(r—3)
we can deduce that

0= q3 . Y:I:T . 3q2 . Y:I:(T—l) + 3(] . Y:t(r—?) . Y:E(T—S)

— [q3 . ((Y:I:1>2 . 1) o 3q2 i Y:I:l +3q} i Y:I:(T—Z) . [q3 . Y:tl . 3q2 + 1] . Y:E(T—S)‘

Now, in general there is no complex number Y € C* such that Y" 4+ Y™ = 0 for two
consecutive values of r. Hence, if either bracketed coefficient is zero, then so must be the
other one. However, in that case, we would conclude that Y*' = % from the second

bracketed coefficient, meaning

32— 1\° 32— 1 ¢ —1)3

which is a contradiction, because ¢ > 1.

Hence neither bracketed coefficient can be zero, from which we conclude that there is

some nonzero constant ¢ such that

Yi(r72) —c- Yi(r73) 7£ 0

225



holds for all large . But then

+(r—3
c- Y:E(T—S) _ Y:I:l . Y:E(T—S) i Y:I:(r—4) _ Y:I:l . Y:I:(T—B) i Y ( )

Cc

and hence ¢ = Y+ — % So either c=Y or c = % Then from Y*=2) = ¢. Y+ =3) we derive
that Y = £1.

But substituting Y = 1 in the original equation would imply (¢ — 1)® = 0 while Y = —1
would imply (¢ + 1)* = 0 neither of which is possible. This contradiction completes the proof

of the lemma. n

11.2.1 Proof of Theorem 1.3.6
We now prove:

Theorem 1.3.6 (The kernel of 9 Orb is large for fixed (u,v') € VJ(F)). Let N >0 be an
integer. Consider all (y,u,v') € (Sy(F) x V3 (F)) for which v(uv') < N. Then the space
of » € H(S2(F)) for which

0 Orb ((v,u, v, qzﬁ) =0

holds for all such (y,u,v") is a Q-vector subspace of H(Sa(F)) whose codimension is at most
N +2.
Moreover, this subspace of H(S2(F')) is not contained in any mazimal ideal of H(S2(F))

when H(S2(F)) is viewed as a ring under the isomorphism of Chapter 4.

Proof of Theorem 1.3.6. The first part of Theorem 1.3.6 follows directly from Lemma 11.2.1.
It remains to show the kernel is not contained in any maximal ideal. Consider the

composed isomorphism from Chapter 4 given by

H(S(F)) 225 H(U(vE) 25 @y +v 7).

By combining [LRZ24, Equation (7.1.9)| (which is also Lemma 15.3.1 later) and [LRZ24,
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Equation (7.1.4)] we find that

Sat (Bcg (11(/,9 + 1K/,g(r—1))) = (—1)"Sat(1,-, Matg(OE)ﬂV:{)

r r—1
= (-1 (¢ Y Y =g Y7
j=r j=—(r-1)
Hence, if we define the polynomial
P.(Y) = (=1)"Sat (BCE (1 <r + 21 s <1y + 1 <(r—2)))
r r—1 r—1 r—2
(eSS v-g Y vi|-l¢r Y vi-g2 Y vV
j=-r j=—(r=1) j=—(r=1) j==(r-2)
r r—1 r—2
:qTZYJ 2¢" 1 Z Y7 4 ¢ 2 Z Y’
j==r j==(r=1) j==(r-2)

then for any r > N + 2, all the polynomials P.(Y) — Py12(Y) lie in the kernel.
We now prove there is no choice of a single Y € C* for which P,(Y") is eventually constant,

which would complete the proof. Indeed, if we write

P(Y) =P (Y) = ¢ (Y +Y ") = 2¢" (Y 4 Y OTY) g2y YY)

then

(PY) = aPra (V) = (Poa(Y) = qProa(Y)) = (V" + ¥ 7) = 3g2(Y" 4y 0D)

+ Bq(Yr—Q + Y—(r—Z)) . (Y’F—S + Y—(’I’—3)).

So we are done by Lemma 11.2.2. O
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11.3 A sequence of test functions almost lying in the
kernel in the semi-Lie case

We make one additional remark on the kernel that unifies both of the preceding two sections.

For this section, we define the following indicator function for r > 3:
Gr = lr<r + Lior <oty — @ (Lir <(rm2) + Lir <(r—3))-

We give the following theorem which can be thought of as a simultaneously refined version of
both Lemma 11.1.1 and Lemma 11.2.1. Roughly, it says that we can define a sequence of test

functions

¢r + (q + 1)¢r71 + Q¢r72 r 2 5

such that for any fixed (v,u,v'"), there are at most three values of r for which the orbital

integral does not vanish.

Theorem 11.3.1 (A sequence in H(Sy(F))). Suppose (y,u,v') € (So(F) x V4 (F)),, is as

Is

in Lemma 8.4.2. Then

9 Orb ((7a u, VT)? ¢7‘ + (C] + 1)¢r—1 + Q¢T—2) =0

holds for all r > 5 with at most three exceptions, namely those r with

v(e) — min (”<b) - ;’<C> ES a)) +2 < r < v(e)—min (”<b) - ;’(C) —1 - a)) 4.

Proof. As always 6 := min (v(b) + v(c), 2v(d — a)) as in Chapter 9. Consider Corollary 1.3.3,
and let N, C, C' be as in the statement. Let N, C*, (C")” be the changes to those constants

when one replaces r by » — 2. Then one can record the changes to these parameters explicitly,

see Table 11.1.
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Assumptions Parameters for r Parameters for r — 2

N =uv(e) N” = v(e)
r>uv(e)— 4] +3 OO —0 & — (€Y =0
Pl I-gj i N = v(e) N <_T1_ 2b) N LS_JQ :d_v(e)
QZQU(CZ—CL) Cbb: +(v(b)+v(c)—2v(d—a))
. C=C"=0 2
(exceptional)) (O =" 41
N”=(r—2)+ 4] =v(e) -1
r=v(e)— 4] +1 N =uv(e) o — g ]
0 =2v(d—a) C=C"=0 "
(C)” =1

r<v(e)—-[3)  N=r+g N* = (r—2)+ 4]

»n— v(b)+v(c)—2v(d—a »x—2)—14(v(b)+v(c)—2v(d—a
0 =2v(d— a) C = 1+(()+2()2( ) o — (=2) 1+(();r()2( )
» =0 (mod 2) C'=C4+1 (€Y =" +1
<013 N=r+lY V-2t
0 = ZU(d — ) C = ”‘Tfl Cbb _ (%722)71
#=1(mod2)  C'=C+t1 P = e

N = ¢ N = (r—2)+ ¢
r<w(e)— |4 T+L2Je bb y )ebJ

C=vle)— & +r C” =v(e)— 4] +(r—2)
0 =v(b) +v(c) )

Table 11.1: Comparison of N to N”, etc., needed to carry out the proof of Theorem 11.3.1.
Note the exceptional case r = v(e) — ng + 2 differs from all the others because C' — C* can
be large.
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Note in particular except for the single exceptional value r = v(e) — LgJ + 2 we should
always have (N” +2) — N € {0,1,2}, C — C” € {0,1,2}, (C") — (C")”" € {0,1}. More

explicitly, we have the following result from Table 11.1 for every r > 3:

(_ 1)r+v(c)
log g

(

9 Orb ((77 u, VT)a ¢7")

_q’“ﬂgJ — q”ﬂgj—l +q+1 ifr<wv(e)—[4] +1and b =0v()+v(c)

= —2qT+LgJ—I—q+1 if r <v(e)— 4] +1and 6 =2v(d —a)
\—q“(e)+2 — @O +g+1  ifr>wv(e) - [£] +3.

It follows that for r > v(e) — [£] + 4 we have

(—1)r+v(c)aorb (1,0, v7), by + bpa) =0 (11.1)
log g
while when < v(e) — |£] 4+ 1 we have
(—1)r+v(c)aorb (1w, vT), 6 + qdy1) = 1 — ¢ (11.2)

log g

Then Theorem 11.3.1 follows directly from (11.1) and (11.2). O

11.4 Proof of Theorem 1.3.11 for the group AFL

We give the short proof of the following;:

Theorem 1.3.11 (0 Orb: H(S3(F)) — C=(S5(F),.) has large image). There is no nontrivial
¢ € H(S3(F)) such that
90rb (v,9) =0
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holds for every v € S3(F). In other words, the map

& Orb: H(S3(F)) — C®(S5(F)2)

¢ = (7= 90rb(y,9))

1s injective, i.e., has image as large as possible, for n = 3.

Proof of Theorem 1.3.11. Suppose that

N
¢= Z ajlry
r=0

for some N > 0. We pick our v according to Lemma 5.3.3 subject to

In that case, we have
Orb(vy, 1k, _,s) =0forallr =0,1,...,N —1

and so there is certainly no contribution to its derivative. However, for ay according to

Example 5.5.11 we have

o A—=2r A1
0 Orb(v, 1K's,gN) = 5 (Z (—1)k(qs)k> — (1)L, — £ 0.
5=0 \g=—r

Hence N > 0 cannot hold.
For N = 0, we instead take, say, ¢ = 6 = 1 in Theorem 5.5.2 in which case Orb(y, 1, s) =

—q* + ¢* — ¢° + 1 whose derivative is —2. The proof is complete. O
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11.5 A sequence of test functions almost lying in the
kernel in the group AFL case
We mention the following S;5(F') analog of Theorem 11.3.1.

Theorem 11.5.1 (A sequence in H(S5(F))). Choose v € S3(F),. and let ¢ be as in

rs

Lemma 5.3.53. If £ > 0, then for any r > 3,
0 Orb (7, Igy +2qlgy  + q21Ké,T_2> = —(29 +2)logg.

The result also holds for £ < 0 if r > —%E + 3; while forr < —%f the left-hand is 0 instead.

To prove it, we first state the following corollaries of Lemma 7.7.1 and Lemma 7.7.3,

respectively.

Corollary 11.5.2. Retain the setting of Lemma 7.7.1. Also let ¥!(s) = 2,(s) — X,_1(s) for

all v > 1. Then for all r > 3,

0

Z(Sh(s) + 2054 () + 475 4(s)

s = (—1)°"'(2¢ + 2) log q.

s=0

Proof. From Lemma 7.7.1 it follows that for any » > 1 we have

a r+H ' r o W + 1
— 3 = (=1)" J 1V
Os (Br(s) + ¢%r-1(5)) — (=1) jETHq + jgl( )¢ + 5 -+ 2r.

Hence it follows that for any r > 2,

_ % (Xr(s) +¢Xr-a(s) + ¢ (X,(s) + ¢2,-1(9)))

W -3 W+1
= +2r)q+ + 2r.
«—0 2 2

Subtracting this from the same expression for  — 1 yields the corollary. O]
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Corollary 11.5.3. Retain the setting of Lemma 7.7.3. Also let ¥ (s) = X,.(s) — X,-1(s) for

all > 1. Then for all r > 2,

0
— (Z0(s) + 214 (s)) =0.
0s ! I
Proof. Since Lemma 7.7.3 implies X/ (s) = _L—(;l)W (=1)"+W+C this is immediate. O

Proof of Theorem 11.5.1. Assume the notation in Lemma 5.3.3 and Lemma 5.4.1. We
apply Corollary 11.5.2 and Corollary 11.5.3 directly using the same inputs as the proof of
Theorem 5.6.1.

For ¢ > 0, the ¢, sum (when / is even) has no effect, while by Corollary 11.5.2 we always
get —(2q + 2)log g (as we only use C even in Corollary 11.5.2).

When ¢ < 0, if r > —1¢+ 3 then the replacement of 7 by r — |v(d)| > 3 allows the analysis
to carry through. And where r < —%E, the entire orbital integral is identically zero anyways,

as needed. O

11.5.1 Generation of H(S3(F')) as an ideal

In the spirit of the conjecture proposed in [LRZ24, Conjecture 1.0.2|, we mention the following

result as well.

Proposition 11.5.4. The subspace of H(S3(F)) spanned by

1Kém +2q1Ké‘,r— + 1K

/
1 S,r—2

forr >3 is (in addition to being of codimension at most 3) not contained in any mazximal

ideal of H(S3(F)).

Proof. This requires us to invoke the explicit results from Chapter 4. Consider the composed

isomorphisms

BCg Sat

H(S5(F)) —> H(U(Vy)) — QY +Y ],
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Let K = GL,(Og) N U(V3) and note for any r > 2 we have

BCg'
1ytro-mK — 1K’ + 2q1Ké,7-71 + 2q21Ké’r72 + 26]31}(%,7_ + ...

-3
BCS!
= lgo0-nKg —( 1Kw(r 2,0,—(r— 2))K'—>1K/ —|—2q1K/ —|—q 1x

S;r—2"

Hence for r > 3 if we define

PT(Y) -— Sat (BCS(lKé,r + 2(]1}(/ + q ]-K’ST 2))
= Sat (1Kw(r,0,7T)K — q21Kw(r72,0,7<r72>>K)
= Sat <1w*T Matz(Og)NU(VE) — 1Lo-e-v Mat3(O)NU(VF)

2 2
—q 1 Mats(Og)NU(VY) Tl o Matg(oE)mU(V;)>

r—1 r—2
= 2TZYJ+q2T1 Y v - Z Yj—l—q27"3 R E
= =) j=—(-1) =)
r—2 r—3
_ q2r72 Z Yj +q2r73 Z Yj Z Y] +q2r 5 Z Y]
= r-2) = (r-3) = (r3) j=—(r-1)

then it follows that P.(Y) — P3(Y) is contained in the kernel for any r > 3.
To show this kernel generates the entire ring, it would be sufficient to prove there is no
Y € C* such that P3(Y) = Py(Y) = P5(Y) = Ps(Y) = ---. However, using the explicit
formula for P,.(Y') above, a direct calculation gives the following two identities:
2 2

Pi(Y) = GR(Y) = Y B(Y) = FP(Y) = ¢

R(Y) = LR(Y) — Y B(Y) - L) =0

So such a common root Y cannot exist. OJ
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Chapter 12

Transfer factors

In this short chapter we document the definitions of the transfer factors appearing in

Conjecture 1.2.1 and Conjecture 1.2.2.

12.1 Transfer factor for the inhomogeneous group AFL

The definition of the transfer factor in Conjecture 1.2.1 is given below:

-
Definition 12.1.1 ([Zha24b, Equation 2.7|). Choose any v € S,,(F')s. Let e = (() .0 1) €

F™ be a column vector. Then the transfer factor w(+y) is defined by

w(vy)=n (det ((Ve)ZJ)) :

For n = 3, because we gave our answer in terms of a representative of an H’-orbit, it is
not trivial to state the transfer factor in terms of the a, b, d in Lemma 5.3.3.
However, we don’t need this transfer factor anyway in this paper, so we do not evaluate it

here.
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12.2 Transfer factor for the semi-Lie AFL

Definition 12.2.1 (|Zha24b, Equation 2.2|). Choose any (v,u,v') € (S, (F) x V/(F))ss.

n

Then the transfer factor w(7y) is defined by

w(y,u,v') =1 <det <(’ylu)::1)) .

For the purposes of our n = 2 calculation, we compute the transfer factor when

a b 0
(1o vT) = 1. (o ) € (S(F) x Vi(F)):.
c d 1

is as described in Lemma 8.4.2. Applying the definition above, we find that

w(v,u,v") =17 (det (v’u,y"u)) = n | det = (=1)"® = (—1)v@+L, (12.1)
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Chapter 13

The geometric side

13.1 Rapoport-Zink spaces

We briefly recall the theory of Rapoport-Zink spaces. This follows the exposition in [Zha24a,
§4.1].

Let F denote the completion of a maximal unramified extension of F', and let F denote
the residue field of Op. Suppose S is a Spf Op-scheme. Then we can consider triples (X, ¢, )

consisting of the following data.
e X is a formal w-divisible n-dimensional Op-module over S whose relative height is 2n.

e .: Op — End(X) is an action of O such that the induced action of Op on Lie X is

via the structure morphism Op — Og.

We require that ¢ satisfies the Kottwitz condition of signature (n — 1, 1), meaning that

for all a € Og, the characteristic polynomial of ¢(a) on Lie X is exactly

(T — a)" (T — a) € Os[T).

e \: X — XV is a principal Op-relative polarization.
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We require that the Rosati involution of A induces the map a — @ on Op (i.e. the

nontrivial automorphism of Gal(E/F)).

The triple is called supersingular if X is a supersingular strict Op-module.
For each n > 1, over F we choose a supersingular triple (X, tx,, Ax, ); it’s unique up to
Opg-linear quasi-isogeny compatible with the polarization, and refer to it as the framing object.

We can now define the Rapoport-Zink space:

Definition 13.1.1 (Rapoport-Zink space; [LRZ24, §5.1]). For each n > 1, we let N,
denote the functor over Spf Op defined as follows. Let S be an Spf O scheme, and let
S=S5 Xspro,, SpeclF. For every Spf Op scheme, we let N,.(S) be the set of isomorphism
classes of quadruples

(X, 0, A p)

where (X, ¢, \) is one of the triples as we described, and
p: X x5S — X, XspecF S
is a framing, meaning it is a height zero Op-linear quasi-isogeny and satisfies
P ((Ax,)g) = Az

Then N, is formally smooth over Oy of relative dimension n — 1.

Henceforth, we also make the following abbreviation.

Definition 13.1.2 (N,,,). For integers m and n,

Nm,n = Nm XSpfOF Nn
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13.2 A realization of the non-split Hermitian space V_ of
dimension n

For the following definition (and later on), we need a variation of Nj:

Definition 13.2.1 (E). Let (E, (g, Ag) be the unique triple over F whose Rosati involution

has signature (1,0) (note this is different from A; where the signature is (0, 1) instead).
At the same time, we can define the following Hermitian space.

Definition 13.2.2 (|[LRZ24, §5.2|). For each n > 1, let
V., = Hom;,(E,X,)
which we call the space of special homomorphisms. When endowed with the form
(z,y) = A\g' 0y’ o Ag, oz € Endy(E) ~ F

it becomes an n-dimensional £/F-Hermitian space.

Proposition 13.2.3 (Realization of V). Up to isomorphism, V. is the unique n-dimensional

nondegenerate non-split E/F-Hermitian space.
Proof. See the comment in [LRZ24, §5.2| or the comment after [Zha24a, Equation (4.2)]. O

As described in [Zha24a, Equation (4.3)], there is an action of U(V;) on (X, tx, , A\x,,)

and hence each g € U(V,,) acts on NV, by

g- (lea)\7p> = (X7i7)\7900)-
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13.3 Intersection numbers for the group version of AFL
for the full spherical Hecke algebra

Here we reproduce the definition of the intersection number used in Conjecture 1.2.1.
Compared to the formulation of the group version and semi-Lie version of the AFL, the

intersection number requires the introduction of a Hecke operator T, for an element
0 e H(G x G, K’ x K)

as introduced in [LRZ24|. This definition is too involved to reproduce here in its entirety, we
give a summary for this special cases in which we need.
First consider the given f € H(U(V;")). The main work of the construction is to define

another derived formal scheme 71, oy (see [LRZ24, §6.1]) together with two projection maps

7—1Kb®f

N

Nn—l,n Nn—l,n-

This definition is carried out in [LRZ24, §5|, by defining it first for so-called atomic elements
of the spherical Hecke algebra, which form basis elements of a certain presentation of this
Hecke algebra as the unitary group for a polynomial algebra; we refer the reader to loc. cit. for
the full details.

Now, take the natural closed embedding
Nn—l — Nn

and let
A: anl — anl,n

be the associated graph morphism; let Ays,_, denote the image, with an inclusion ¢: Ay, | —
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Nu—1.n. Once this is done, consider then the diagram

) T,er
ANn L — Nn 1n-

That is, one takes the pullback of Ayr,_, < N,_1,, along the projection
Nn—l,n <_ﬂl 71Kb®f
and then takes the pushforward along the other projection

2
7-1Kb®f — anl,n'

Definition 13.3.1 (Hecke operator). Set

Tle®f<ANn71) = (W2)*(7TT<ANTL71))‘

This is the part of the intersection number depending on f (or rather Ty o). As for our
g € U(V. ), consider the translation (1, g) - Ay, ,. The intersection number is then defined
as by taking the intersection of these two objects using the derived tensor product @ of the

structure sheaves.

Definition 13.3.2 (Int((1,9),1x ® f); [LRZ24, Equation (6.1.1)] or [Zha24a, Equation

(4.4)]). We define the intersection number in Conjecture 1.2.1 by

Int((l,g), ].Kb X f) = <T1Kb®fAN’n—17 (17 g) ' ANn_l>N’n71 n

Oy,

n—1,n

L
= XNn-1,n (OTlK,,®f(ANn1) ® O(l’g)'ANn1> ’
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Here y denotes the Euler-Poincaré characteristic, meaning that if X is a formal scheme

over Spf O then given a finite complex F of Ox-modules we set
_ Yt j ,
xx(F) = Z ;< D™ lon HY (X, Hi(F)

provided all the lengths are finite.

Remark 13.3.3. In general we could adapt this definition so (1, ¢) is replaced by by an
element of (U(V,

n—1

) x U(V:)))ys if we wish to work with the full group version of the AFL
rather than just the inhomogeneous version. However, this simpler definition will be sufficient

for our purposes.

13.4 Intersection numbers for the semi-Lie version of AFL
for the full spherical Hecke algebra

Now we continue to define an intersection number needed for the proposed Conjecture 1.2.2
from earlier. The definition mirrors the one given in the last section. Here we reproduce the
definition of the intersection number used in Conjecture 1.2.1.

We work here with N, ,, rather than N,_;,. The change is that we need to incorporate
the new v € V, that was not present before. In order to do this one considers a certain
relative Cartier divisor Z(u) on N,, for each nonzero u € V, . This divisor was defined by
Kudala and Rapport in [KR11] and accordingly we call it a KR-divisor following [Zha24a,

§4.3|. The definition is given as follows.

Definition 13.4.1 (Z(u); [KR11, Definition 3.2]). Recall that (E, tg, Ag) is the unique triple
over F whose Rosati involution has signature (1,0). Hence the formal Op-module has a

unique lifting called its canonical lifting, which we denote by the triple (&, te, Ag).
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Then the KR-divisor Z(u) is the locus where the quasi-homomorphism
u: E— X,

lifts to a homomorphism from £ to the universal object over N,,. More explicitly, it consists
of those X € N, such that there exists a map ¢ : £ — X with the following property. Let S

be an Spf O scheme and consider the map on special fiber
E=E X5§M>X/ ng.

Since X € N,, we also have p: X Xg S =X, X SpecF S. Moreover, u gives a map

- UXSpec]FS

E X SpecF S Xn X SpecF g
Then we require the following diagram to commute:

- @ng

EXSS )XXSE

I b

- uxSpec]F§ el
IE‘:'XSpeCIFS Xn XSpeCF S.

That is, Z(u) is the locus where u lifts to a homomorphism £ — X,,. Note also by the
definition that gZ(u) = Z(gu). See [KR11]| for a full definition.

The main change is then that we can consider Az, as the image of

Z(u) = Ny 2 N

where A: N,, — N, now denotes the diagonal map. If one defines an appropriate space

Tief for f € H(U(VY)) again following [LRZ24], together with

71K®f

N
N N
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then one can then repeat the diagram from before:

m(Azw) —— TlK®f

L Ty

7T1 AZ(”LL I Nnn

In other words, we again take a pullback followed by a pushforward but this time of

Azy — Npn. This lets us write an analogous definition:

Definition 13.4.2 (Hecke operator). Set

T1ror(Bzw) = (2)«(77(Azw)).
Meanwhile to replace (1,g)Ax, ,_,, we let
Iy C Nom
denote the graph of the automorphism of A, induced by g. This finally allows us to write a

definition of the intersection number in the semi-Lie case:

Definition 13.4.3 (Int((g,u), f)). In analog to Definition 13.3.2 for the group version of the

AFL, we now define the intersection number in Conjecture 1.2.2 as

Int((ga U), f) = <T1K®fAZ(“)’ F9>Nn,n

L
= XNn,n <OT1K®f(AZ(u)) O? OFQ) :

n,n

In the situation where f = 1, this coincides with the existing definition in [Zha24a,

Equation (4.9)] and [Zha2la, Remark 3.1].
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13.5 An analogy between the geometric and analytic sides

With the intersection number now defined for Conjecture 1.2.2, we provide some intuitive
discussion about the connection. All of this is for philosophical cheerleading only, and is
not meant to formally assert any definitions or results. But it may help in motivating the
formulation of the conjecture.

For this section write G := U(V) and K := G N GL,(Og) the hyperspecial maximal
compact subgroup of G. For simplicity we only focus on the semi-Lie AFL originally proposed

by Liu to start; which is the special case of Conjecture 1.2.2 when f = 1x and ¢ = 1.

The geometric side On the geometric side, N, is the RZ-space acted on by U(V, ), and

hence U(V;,) x U(V;) acts on N,, ,,. Roughly speaking, we are considering the two morphisms

Ly

Ny 25 Ny 2 N,

with A being thought of as the diagonal morphism and I'y as the graph under multiplication
by g € U(V, ).
Hence loosely speaking, the intersection Int ((g, u), 1x) can be thought of as the intersection

of three images in N,
e A “diagonal” object A;
e A “graph” object I';
e A third object Z(u), the KR-divisor, parametrized by diagrams

E —— X,

E —— X,.

The derived tensor product ® is used together with some formalism to make this intersection

idea precise. The intersection of the “diagonal” and “graph” is the fized point locus, and in
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fact could be formally defined as the intersection
IyNAp,
viewed as a closed formal subscheme of N,, (or N, ,); see |[Zha24a, Equation (4.6)].

The analytic side On the other hand, consider the analytic side. We will try to explain
how the weighted orbital integral in Definition 8.1.1 can be thought of as some weighted
intersection of analogous objects.

Note the quotient G/K can be identified as
G/K ~{ACV}|A =A}

that is, the set of self-dual lattices A of full rank, which thus has a natural action of G.

Henceforth we denote elements of G/K by h, and fix one particular such lattice Ag, acted on

by Og. Hence G/K can be thought of as
G/K ~{hAo | h € G/K}.
Recall from (8.1) that we have an orbital integral on the unitary side of the shape

/ e (h="gh)1a, (h - ) dh
heG)K

where © € VI

n?

and Ay is a fixed particular lattice in G/K. See for example the “relative
fundamental lemma” stated as [Liu21, Conjecture 1.9].

Like before, we can consider two maps

G/K % G/K x G/K ¢~ G/K
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which are the diagonal morphism and the graph of the action of g. Hence the intersection

are those cosets hK for which

hK = ghK <= h™'ghe K.

Hence the indicator function 1x(h~tgh) plays the analog of the fixed point locus in the
geometric side.
Meanwhile, the term h - u plays a role analogous to the KR-divisor on the geometric side,

giving the third intersection object. We have

h-u€ely < ueh A

and so the object corresponding to the KR-divisor Z(u) is the subset in G/K of those lattices

containing u, that is

(N A >},

The analog to the earlier diagram that we described for Z(u) is then

OE—>A/

1— w.

Up until now this whole section is written for f = 1x and ¢ = 1x/. In the general
situation, if one replaces 1x in the above integral by a general f, then this corresponds to
changing the analog of the fixed point locus; the idea of [LRZ24] is that this should correspond

to replacing Az(,) with T;(Az,)) on the geometric side.
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Chapter 14

Intersection numbers for Int((g,u), f) for

n=~2

This chapter is dedicated to computing intersection numbers for the semi-Lie version of AFL

in the special case n = 2.

14.1 Background on quaternion division algebra

Through this section we let D be a quaternion division algebra over F'; with a fixed maximal

order Op. We will make D explicit in the following way for our calculations to follow.

14.1.1 Structure as a noncommutative algebra

As F-vector spaces we will write

D=FE®FEI

where II is selected so that II? = . We endow D with a noncommutative multiplication

according to

It = tII forallt e E
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where ¢ is the image of t € F under the nontrivial element of Gal(E/F).

14.1.2 Conjugation of elements of D

In general, suppose = € D is any element decomposed as x = a + bll for a,b € E. Then we

denote by & € D the conjugate in D defined by

T =a—0bII
where, again, a is the image of a € E under the nontrivial element of Gal(E/F'). It is an
anti-involution, meaning that * = x and 7y = yz.

(Notice that we have a slight abuse of notation here in that we have used the same
notation to denote both conjugation under the Galois action of Gal(E/F') as well as the
conjugation in D. However, there is no ambiguity resulting because when F is viewed as a

subset of D, the two symbols denote the same element of E: that is we have

a+ 0l =a + 0I1

in any event. In other words, the restriction of the quaternion conjugation to E coincides
with the nontrivial element of Gal(E/F), so we do not need to introduce a separate notation
for it.)

This allows us to define the reduced norm and trace in D. The reduced trace is given by

tre:=x+4+2=TrE/F(a) =2z € F.

We may thus define
D" = {u €D | tru =0}

which has codimension 1 inside D (i.e. is three-dimensional as an F-vector space). Since
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tr(a + bIl) = Trg,p(a), we could also write

D" = {a+bIll|a,b€e E and Trg/r(a) = 0}.

The reduced norm is similarly defined by

Nmx = 2z = (a + bII)(a — blIl)
= qa + blla — abll — bIIbII
= aa — bbw

As an F-vector space, D has a basis given by {1, /¢, I, \/Il}, that is

D=F®FJe® FII® Fy/ell

It will be convenient to introduce the following notation:
Definition 14.1.1 (2 and x_). For z € D, we introduce the notation z, and z_ to mean

e 1 is the projection into the first component F'; and

e r_ =1 — xq is the projection into D"=Y = F'\/e ¢ FII @ F./eIL

In particular, the formula for conjugation then reads as the simpler

T=x9g—T_.

14.1.3 Hermitian structure

We view D as an E/F-Hermitian space under left multiplication by E; that is, for a,b,t € E
we consider

t-(a+ bll) = at + btIl.

251



as the action of E on D. Then we equip D with a F/F-Hermitian form (e,e) : D x D — E

defined by

1 _
(z,y) = §TTD/E(9U?J)

i.e. the projection of xy € D = E @& ETI onto the first component. In particular, note that
(r,x) =2 = Nmzx

or equivalently

{a + bIl, a + bIT) = aa — bbeo.

14.1.4 Identification of V_~ with D

We continue using the notation (E, (g, Ag) as the triple over F whose Rosati involution has

signature (1,0). Moreover, we will take the identification
End(E) ~ Op
see [KR11, Remark 2.5], and hence the corresponding identification

vV, ~D.

14.2 The invariants for the orbit of (g, u)

We specialize to the situation where u € Op and g € U(V)).

14.2.1 Coordinates for g

To impose coordinates on g, we appeal to the following fact.
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Lemma 14.2.1 (Description of U(Vy)). Every unitary map in U(Vy) can be described in
the form

x> A tr(a + BII)

for some quaternion o + BII € D* and an element X € E* such that

Moreover, such a description is unique up to multiplication by elements of F. In other

words,

U(Vy) = (B x D)°/A(F™)

where (D* x E*)° denotes those pairs (A, o + BII) with Ng/p(X) = Nm(a + BII), and A(F*)

is the diagonal embedding of F*.

Remark 14.2.2. In this paper we will not have a need to compose multiple such unitary
maps. However, if we did, then our notation above swaps the multiplication order. That is,
if we have g1, go € U(V;) represented by pairs ¢; <> (A1, a1 + SI1;) and go <> (Ao, e + S1l)

under the isomorphism above, then

G1 0 g2 < (Ao, (g + Boll) (o + BI)).

Note that in the definition for g, if v(\) # 0 then we can factor out powers of w = @
from A and put them into o and 3 instead. Hence, by relabeling o and 3, we may assume

without loss of generality that:
Assumption 14.2.3. We assume WLOG that v(\) = 0 (and hence v(a) =0, v(5) > 0).

This frees us from having to deal with v(\) offsets in subsequent calculation.

We encode g as a matrix on D now (with the obvious E-basis 1, II, again viewing D as a
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left- £ module) so we can compute its determinant and trace. We have

g) =211 (a+80) =Ata+ 16l

g(I) = A1 - TI(a + BH) = Ao + A tall.

Hence, written as a matrix with respect to the obvious basis {1,11} we have

a Pw

3 a

g=\"

14.2.2 Coordinates for u

We also impose coordinates for u according to

u=s+tll € Op s,t € E.

To make the calculation that follows less complicated, we are going to make the following

assumption on wu.

Assumption 14.2.4. We assume WLOG that either u € E or w € ETl. That is, either s =0

ort=0.

This assumption can be made without loss of generality because the invariants and the
intersection only depend on the SU(2)-orbit of the pair (g, u), and any element u € D* can
be mapped under an element of SU(2) into a pair for which v € E or v € ETI.

In order for (g, u) to be regular semisimple we require that

u=s+tll
g(u) = X7 (s + tI) (a + BII)

=" ((sa+ tBw) + (sB + ta)l)
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are linearly independent, meaning

s sa+ th _
0 # det = st(a — a) + Bs* — ft’w

t sp+ta
= fs® — ft’w
—BtPw ifs=0

Bs? if t = 0.

Hence, we have a requirement that § # 0 and s and ¢ are not both zero (we require st = 0

from Assumption 14.2.4).

Remark 14.2.5 (o # 0). Note that necessarily « is nonzero as well. This follows from the
requirement that aa — 85w = A\); if a = 0 we would get a left-hand side with odd valuation

but a right-hand side with even valuation.

14.2.3 The invariants of the matching

At this point we can state:

Lemma 14.2.6. Under the coordinates we just described, the four corresponding invariants

of Definition 3.3.1 are:

Trg=\'a+a)
det g = A\ ?(aa — BBw)
(u,u) = s5 — ttw
AtaNmu if s=0

(g(u),u) =
AlaNmu ift=0.
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Proof. The first three are immediate. The last one follows by computing

(g(u),u) = (AL (s + tIT) (o + BIT), 5 + ¢I1)

= A" (s + tBw) + (ta + sB)I, s + tII)

=\t %TI"D/E [((sa + tBw) + (ta + sB)I) (5 — tII)]

=\ (s5a — ttaw)

and recalling that st = 0. [

14.3 A basis for H(U(V3))

As before K = GLy(Og) N U(V] )denotes the maximal hyperspecial compact subgroup of
U(V3). For each r > 0, we define

lg<r = 1y 0mnuws) € HUVD)).

For convenience 1k <, = 0 for r < 0. We also set
lgr =1k <r — 1g <@-1)

which is the indicator function for the coset

Note when r =0, 1o = 1x = 1k <o.

Analogous to Section 8.2 we then have the following result.

Proposition 14.3.1 (1 <, basis). The functions 1x <, (forr > 0) form a basis of H(U(V3)).

(Similarly, so do 1k, forr >0.)
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Proof. This follows from the fact that

0 ="
uvy) =[x K.
>0 w " 0
See the comment in [LRZ24, Equation (7.1.5)]. O

The base change for this basis is given later in Lemma 15.3.1.

14.4 Background on special divisors for n = 2

14.4.1 The Rapoport-Zink space N> and Tik <

Recall N; from Chapter 13. With the Hecke operator T from [LRZ24] (see Chapter 13 for

discussion) we introduce T1, ., = T1 w1, -, (An;) so that we have the diagram

71K,§'r

YN

NQ NQ

14.4.2 The Lubin-Tate space M,

We introduce the notation My for the Lubin-Tate space for n = 2. It is defined almost in the

same way as N, except that we replace Xy with E now.

Definition 14.4.1 (Lubin-Tate space). We let My denote the functor over Spf O defined as
follows. Let S be an Spf O scheme, and let S=S9 Xspro, SpecF. For every Spf O scheme,

we let NV,,(S) be the set of isomorphism classes of quadruples

(Y7 L? )\7 p)
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where (Y, ¢, A) is one of the triples as we described, and
p: Y X5§—> E XSpecF§
is a framing, meaning it is a height zero Op-linear quasi-isogeny and satisfies

p((Ae)s) = As.

Proposition 14.4.2 (|[LRZ24, Example 5.5.6]). The Serre tensor construction produces an
identification

ST: M 1>M2

By abuse of notation we will also use the same symbol for the map
ST: NQ’Q 1) M2 X MQ.

Recall we have an action of U(V3) (actually PU(V5)) on N,. We describe now the

corresponding action on My. We have an isomorphism of short exact sequences

1 —— 05/0Op —— (05 x 05)°/A(Ofp) —— O5/07r —— 1

] — U(l) ——— U(Vy) ———— PU(V,) —— 1.

The image of o + SII € OF/O is then (A, a + BII) € PU(2) for any choice of A with
A = Nm(a + 8I0).

14.4.3 The divisor ZST.0(4) on My X M,

Now we define the special orthogonal divisor Z§O( 4)(u) on My x M, as follows.

Definition 14.4.3 (Zgo (u)). Let u € Op. Then we define the divisor Z§0(4) (u) to be the

4)
pairs (Y, Y') € My x My such that there exists ¢: Y — Y’ with the following property. Let
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S be an Spf O scheme and consider the map on special fiber
Y Xg 3 M Y’ Xg g

Also, from Y € M, and Y’ € M, we have the data of framings p: Y xg S — E XSpeCF§ and

p:Y' xS = E X SpecF S. Moreover, u gives a map

UXSpcc]FS

E XSpecF S E ><Spec]F S.

Then we require the following diagram to commute:

Y xg S x5 y Y xg S

b b

= UXSpec]Fg -
E ><Spec]FS ]EXSpec]F S.

We propose that the Serre tensor construction identifies the space 7Ty, _, we previously

described with the following Zgo( 2 divisor:

Conjecture 14.4.4 (T, _, =~ 250(4) (w")). The Serre tensor construction gives an iSomor-
phism

7-1K,§r = 250(4) (wr)

such that we get an analogous diagram

T r
ZSO(4)(w )

PN

Mz MQ-
We assume this conjecture henceforth. (In fact, for n = 2 we could even go as far as to
take this as a definition of 71, _ , but then the generalization Conjecture 1.2.2 would be less

obvious, since a definition like this would not easily extend to n > 2.)
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14.4.4 The divisor Z{,, on M,

Turning to My x Ms, we will henceforth always identify My with its image under the

diagonal map
- A
Zlowm(1) === My =5 My x M,

Definition 14.4.5 (Z;O(g)(u)). Suppose now u € D"=C. Then we define the divisor Zgo(g)(u)

to be those X € M, for which we have a diagram

X 24X

E—> E.

Note that basically by definition, for u € Op and tru = 0 we have

Z§0(3)(u> =~ Z§0(4) (u) N Z§0(4)(1)

when we identify My with its image in My x M.

14.5 Comparison of the unitary and orthogonal special
divisors

We now relate Z(u) to Z;O(g)(u) through our isomorphism N3y = My x My. Recall that

we have the notation

Define Z§0(4)(u)° and Zgo(?))(u)" similarly.

Lemma 14.5.1 (2] (uv/Ew)°, [CLZ)). Let u €V,

n’

and consider it as an element u € D.

Then pullback along the Serre tensor construction identifies

ST Z(u)° ~ 2y (uv/Eu)”.
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Proof. This is shown in the in-preparation |[CLZ| by Ryan C. Chen, Weixiao Lu, and Wei
Zhang. (Although [CLZ]| is technically written for F' = Q,, that restriction is for other parts

of the paper that don’t affect this lemma.) O

14.6 The intersection number as a triple product

We return to the intersection number

L
Int((g,u), 1x,<r) = XN (OT1®1K,gr(Az<u>) Of? OFg)

which we will rewrite more succinctly using angle brackets as

It((gu), Lier) = (Treone dzwsTa)

in analogy to [LRZ24, §6.1]. (Note that A here is the diagonal map N5 — N5 .) For this

calculation, it would be sufficient to split

Z(u) = ZZ(u/wi)o.

120

Accordingly, let us introduce the notation

1t (9,0), Lacer) = (g 0) L) — Tt (0 2 ) L

= <T1K®1K,§1-AZ(“)O’ F9>

2,2

From Lemma 14.5.1 we get

t(9.w). Licer) = (o (9 ). AST(ZW)?))

= <Zgo(4)(g @), Z§O(3)(a\/2u)°>

Mo x Mo

Mo X Mo
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—(2lowl9- ), Zlow(1)s Elog (@vEuy)
_ /=t t (o
- <ZSO(4)(9 @), 250(4)( ) ZSO(4)(U\/EU)>M2><M2

f n ozt o (weu
- <ZSO(4)(g -@"), 250(4)(1) ZSO(4) ( = >>M e

/Vlg XMQ

In that case we have

Int((g, ), 1x.<) = ZInt (( ) 1K,9>. (14.1)

14.7 The formula of Gross-Keating

In what follows, we let

(2,4) = (z,y) -2F (z,y)

denote half the E/F-trace of (x,y) € E. Let O%=% := Op N D"=0.

Proposition 14.7.1 (Gross-Keating). Let z,y € O%=° and let

n1 = min (v((z, ¥)y), v((z,y)o), v((¥, ¥)o))
Ng =0 (<$737>0 <y7 y>o - (5073/>§) —

so that 0 < ny < ng. Then if ny is odd, we have

ny—1
2

<Zgo(4)(1) Z§0(4)< z), 250(4) (?J)>M2xM2 = > (n1+ny—4j)¢
=0

while if ny 1s even we instead have

ni1/2—1
t t t no—ny+1 , 5, .
<ZSO(4)(1)’ ZSO( )( ) ZSO(4)( )>M2XM2 = Tq 1/ —+ § TL1+TL2 4]) J.
7=0
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Proof. This is a rewriting of [Kud97, Proposition 14.6] which is itself a special case of [GK93,

Proposition 5.4]. O

We now compute all the quantities needed to invoke the Gross-Keating formula. We start

by writing

uy/eu = (5 — tI)y/e(s + tI)
— (5 — #I1)(sv/Z + ty/2l0)
= s3v/7 — tsv/Ell + sty/Ell — th/ew

= (85 + ttw)y/e + 25t /1L
We now invoke Assumption 14.2.4 to simplify this to just

uy/eu = (S5 + ttw)/z.
This assumption will also let us write
(55 + ttw)? = (55 — ttw)? = (Nmu)?.

Next we consider

g-w =w (a+ pII).

(Here the action of ¢ is the one on My, which is why we write g - @w” rather than g(w").)

From now on, let’s write

o= ap+ ay/e

for aig, a7 € F'. Then we use the notation

z = U\/eu = (55 + ttw)/e € OB~

y= (g -@")_ == (anve + BI) € O5~".
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Then we can compute

(x,2) = Nmz
= Np/r((s5 + tiw)V/e)
= (55 + tiw)? = —(Nmu)?
(y,9)o = Nm (=" (a1v/z + 5TI))
= o (—aje — BBw)
(z,1)0 = (Ty)o
= [~(s5 + tw)v/z - @ (cnv/E + BID)]

= —w' a1e(s5 + ttw).
This lets us compute the determinant

(2, 7)o (v ) — (2,9)2 = —e(Nmu)? - @ (—oke — 35) — (@ one(s5 + )’

=e(Nmu)® - @ - (wfhf).

Hence we arrive at an exact formula for

t t f
<ZSO(4)(1)’ ZSO(4)(J;)’ ZSO(4)<y)>M2><M2

in terms of the valuations of the above formulas, which we will explicate in the next section

after matching (g, ) to the corresponding element in (Sa(F') X VJ(F'))ys.
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Chapter 15

Proof of Theorem 1.3.8

We now put together all the results from the previous chapters to prove Theorem 1.3.8.

On the orbital side, we assume (v, u,v') is as in Lemma 8.4.2 throughout this chapter.

On the geometric side, we assume (g, u) are as described in Section 14.2.

15.1 Matching (v,u,v') and (g,u), and the invariants

for the matching

15.1.1 The invariants for the orbit of (y,u,v'")

Recall the relations in Lemma 8.4.2. The invariants in this case as described in Definition 3.3.1

are:

Try=a+d

dety = ad — bc
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Note that the parameters b and ¢ are absent; but we have

v(b) + v(c) = v(dety — ad).

15.1.2 Matching

We now take these results and line them up with Lemma 14.2.6 to deduce the following

lemma.

Lemma 15.1.1 (Explicit matching of invariants of U(Vy) and (Se(F') x VJ(F')).). Let

g=A" (;ﬁw e U(Vy)
(0]

and u = s + tII with st = 0 and v(\) = 0. Suppose (g,u) matches with

a b 0
(’%uuv—r) = ) 5 (O 6) € (SQ(F) X ‘/;(F))Yb
c d 1
Then we have
(
M la ifs=0
a = <
Mla ift=0
\
AMla ifs=0
d:
M la ift=0
be = A\ ?BBw
e = Nmu.
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Thus we also have the identity
v(d —a) =v(ag).

Proof. Setting the invariants from the previous subsection equal to the ones determined in

Lemma 14.2.6 gives

a+d=\"a+a)
dety = ad — bc = det g = A\ ?*(aa — Bfw)

e=Nmu

A laNmu ifs=0
de =

A laNmu ift=0.

So the equations for e, d and a are immediate. In both cases we get ad = A~?aa and hence

A\2BBw = —(det g — A ?aa) = —(dety — ad) = be. O

Remark 15.1.2 (Deriving Lemma 8.4.2 from Lemma 15.1.1). Note that many of the
assumptions in Lemma 8.4.2 can also be extracted from Lemma 15.1.1. For example, taking

the valuation of

A\ = aa — fPw

implies that (since the left-hand side is a unit)

v(a) =v(a) =0<20(f)+ 1 =v(b)+ v(c).

So indeed v(1 — aa) = v(bc) must be odd.
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15.2 Translation of the Gross-Keating data to the orbital
side

We combine the results of Section 14.7 with Lemma 15.1.1. Retaining the notation

T = U\/zu = (s5 + ttw)y/e € 05

y=(9 @)= (nve+pll) € Op "
from Section 14.7, we obtain the following:

v({z, 7)) = 20(Nm )
= 20(e)
v((x,y)y) =7 +v(ov) +v(Nmu)
=r+uv(d—a)+v(e)
(@, 2)o (Y y)o — (2,9)0) = 2r + 20(Nmu) + v(85w)

=2r+2v(e) +v(b) +v(c).
Notice that the last valuation is odd. Therefore we can always extract v({(y,y),) by writing

v ({z,2)0) + v ({y,y)o) = min (v ((z,2)o (y.y)o — (2,9)0) , v((2,)5))
= v ((y,v),) = min(2r + 2v(e) + v(b) + v(c), 2r + 2v(d — a) + 2v(e)) — 2v(e)

= 2r + min(v(b) + v(c), 2v(d — a)).
Hence, we have

min (U(<I7 $>0)a U((CL’, y)o)v U(<ya y>0)7 )

= min (2v(e),r +v(d — a) + v(e), 2r + min(v(b) + v(c), 2v(s)))
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= min (2v(e),r +v(d — a) + v(e), 2r + v(b) + v(c), 2r + 2v(s))

= min (2v(e), v(b) + v(c) + 2r, 2v(d — a) + 2r)

where we can drop r + v(d — a) + v(e) from the minimum because it equals

2v(e)+(2v(d—a)+2r)
5 .

Now recall the right-hand side of Proposition 14.7.1, that is

ny—1

> (ny+mny—45) - ifn; =1 (mod 2)

mammtlgna/2 4 Z?;{f*l(nl +ny—4j5)-¢’ ifny =0 (mod 2).

for 0 < n; < ny. Then apply Proposition 14.7.1 to obtain that

f NGy ! ’
<ZSO(4)(1)7 380(4)(u\/2u), ZSO(4)((9 @ )_>>M2><M2

is equal to the above formula applied at

ny = min(2v(e), v(b) + v(c) + 2r, 2v(d — a) + 2r)

ng == 2v(e) +v(b) + v(c) + 2r — ny.

Note that
n1 +ng = 2v(e) + v(b) +v(c) + 2r.
For brevity, we henceforth introduce the symbol GK for the sum above; hence we have
<Z§O(4)(1)7 Z§0(4)(ﬂ'\/gu)v Z§0(4)<(g : wr)_)> = GK(Tv U(b)a U(C)v U(e)v 'U(d - a’))

Mo x Mo
(15.1)

In that case we also have

(Zhow®: Zhow (“£4). Zlogoll0-=))) =GR o(e)0(e)-L ol

./\/(2><M2
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Subtracting the two gives

Int®((g,u), 1x.<r) = <Z§o(4)(1)a Z§0(4)(ﬂ\/gu)o7 Z§0(4)((9 : WT)—)>M2xM2
= GK(r,v(b), v(c), v(e), v(d — a)) (15.2)

— GK(r,v(b),v(c),v(e) — 1,v(d — a)).

15.3 Base change

The base change for n = 2 was already calculated in [LRZ24| and we simply recall the result
here.

As in Chapter 14, we define

1k <r = 1o \aty(0p)nui) € H(U(V,))
lg, =1k <r — 1k <o)

=1 Mato (0m)nuvE) € H(U(V;))

Lemma 15.3.1 (|[LRZ24, Lemma 7.1.1]). Forn =2 and r > 1 we have

BCY(1ky, _ + 1k )= (=1)"1g,

S,<(r—1)

= (—1)"(1g<r — 1k <o-1))-

Proof. This follows directly from [LRZ24, Equation (7.1.9)]. ]
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15.4 Transfer factor

As stated in (12.1), the transfer factor is

w(v,u, VT) = (—1)”(C)+1.

15.5 Comparison to orbital formula

In what follows, we introduce the shorthand

0 Orb(r,v(b),v(c),v(e),v(d — a)) == 0 Orb((y,u,v'), 1

s,gr)'

The main claim is that the following formula holds:
Theorem 15.5.1 (GK is a difference of two orbitals). We have

__1\r+v(e)
% (00rb(r, v(b), v(0), v(e), v(d — @) + D Orb(r, v(b), v(e), v(e) — 1,v(d — a)

= GK(Tu U(b)u U(C)a U(@), U(d - CL))
We continue to use the notation NV and » from Chapter 10 defined by

N = min (v(e), % +r,v(d—a)+ r)

w=uv(e)—vd—a)—7r>0

and prove Theorem 15.5.1 by exhausting the cases based on which value of /V is smallest.
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15.5.1 Proof of Theorem 15.5.1 when v(e) < L;’(c)_l + r and
vie) <v(d—a)+r

In the Gross-Keating formula we have simply

ny = 2v(e)

ny = v(b) +v(c) + 2r.
Hence, we have

GK (. 0(b). 0(c). v(e). o(d — a)) = —2v(e) + v(b) ;— v(e) +2r + lqv(e)

v(e)—1
£ 37 (20(6) + v(b) + () + 2 — 4j) - .

=0

On the orbital side, we refer to Corollary 1.3.2 and compare it to the single instance of
Gross-Keating above. The exponent of j runs up to v(e) in one case and v(e) — 1 in the

second; that is we need

v(e)
Z (2’0(6) + v(b; +v(c) +1 . 2j> L

- v(e)—1
> <2(v(e) - 1) +;f(b) +u(e) +1 +7’—2j> 7
v(e)—1
_ —2v(e) + v(b) ;— v(c) +2r + 1q”(e) i Z:; (2u(e) +v(b) +v(c) + 2r — 4j) - ¢

which is obvious.
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15.5.2 Proof of Theorem 15.5.1 when % + r < v(e) and
v(b) + v(e) < 2v(d — a)

Set N = % + r. In the Gross-Keating formula we have simply

ny = 2v(e).
Hence

GK(r,v(b),v(c),v(e),v(d —a)) = Z(Qv(e) +v(b) +v(c) +2r — 45) - ¢’.

Jj=0

We compare this to Corollary 1.3.2; we check

ZN: (2v(e) o) tu@+1 21) 7

which is clear.

15.5.3 Proof of Theorem 15.5.1 when v(d — a) + r < v(e) and
2v(d — a) < v(b) + v(c)

Hence N = v(d — a) + r and » = v(e) — (v(d — a) +r) > 0. In the Gross-Keating side

formula, we now have

ny = 2v(d —a) + 2r = 2N
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ny = 2v(e) + v(b) + v(c) — 2v(d — a).

Hence

2v(e) + v(b) + v(c) —4v(d — a) — 2r + 1qN

GK(r,v(b),v(c),v(e),v(d —a)) = -

=

+ . (2v(e) +v(b) + v(c) + 2r — 47) - ¢’.

Il
o

This time, the relevant combination of Corollary 1.3.2 is

jf%qj. (2v(e) +v(b; o1, 2j>
oz if =0 (mod 2)
+q '{;<v(e)+”(b)?(0)2”(da>r) if »=1 (mod 2)
+§qj‘ (2(1}(6)—1)—1-;)(6)—1—1)(0)—1—1 +r—2j)
s if x—1=0 (mod 2)
o ‘{%21((@(6) 1) 4 20D 9y(q a)—r) if x—1=1 (mod 2)

_§+%_((U(e)—l)—kw—%}(d—a)—r) if =0 (mod 2)
+q"- (

U(G)er_gv(d_a)_r) if =1 (mod 2)

e (= (0 ) e ))
= 30 (20(0) +0(b) +0(e) + 2 — ) -
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+ 4V <(2v(e) +v(b) +v(c)+2r —4N) + % — <v(e) + M —2v(d —a) — 7’)) :
The coefficient of ¢V is given by

(2v(e) + v(b) + v(c) +2r — 4(v(d —a) — r)) + % — (v(e) + M —2v(d —a) — r>

_ 2v(e) + v(b) +v(c) —4v(d —a) —2r +1
2

which matches the one from Gross-Keating. Hence Theorem 15.5.1 is completely proved.

15.6 Conclusion (proof of Theorem 1.3.8)

From Theorem 15.5.1 we have

(_1)r+v(c)
GK(r,v(b),v(c),v(e),v(d — a)) = g <5’ Orb(r,v(b),v(c),v(e),v(d — a))
+ 0 Orb(r,v(b),v(c),v(e) — 1,v(d — a)))
—1)rtvlo)
GK(r,v(b),v(c),v(e) — 1,v(d —a)) = ( llo)gq <8 Orb(r,v(b),v(c),v(e) — 1,v(d — a))

+aom@w@%m@w@y—zmd—@0
so subtraction (and recalling (15.2)) gives

Int°((g,u), 1k <) = GK(r,v(b),v(c),v(e),v(d — a))

— GK(r,v(b),v(c),v(e) — 1,v(d — a))
_1\r+v(e)
= ( llo)gq <80rb(r,v(b),v(c),v(e),v(d— a))

—aomumw%m@m@y—zmd—@».

(15.3)

We now show that (15.3) implies Theorem 1.3.8. Because r = 0 is known already, it suffices

to verify for r > 0.
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Suppose we sum (15.3) with u replaced by u/w for i = 0,1,.... The left-hand side equals
Int((g,u), 1k <,) by (14.1). On the right-hand side this has the effect of decreasing v(e) by 2

since e = Nmu. Hence the sum of the right-hand sides telescopes and gives us the identity

(1) .
Int((g,u), 1x <) = W@ Orb((v,u,v'), 1y _ ). (15.4)
Subtracting the same equation from itself with r replaced by r — 1 gives
Int((ga u)> ]-K,Sr - 1K,§(r71))
(1) .
_ g 0 Orb((y,u,v '), 1Ké,gr + 1K‘IS’,§(T71)).
which, since (—1)"©®) = —w(y,u,v "), becomes
Int((g,u), (=1)" (Lrx<r — 1x,<(-1)))
15.5)
 —w(y,u,v") . (
= —logq aOrb((%u,v )’]'K/S,gr +1Kf§,§(7‘71)).
But Lemma 15.3.1 says that (—1)"(1x <, —1x <(-—1)) € H(U(V}))) matches 1y, +1x; o)

H(S2(F)) for any r > 0. And hence from the r = 0 case we can inductively conclude Theo-

rem 1.3.8 for » > 0, completing the proof.

15.7 A particularly clean formula for a certain intersection
number

We mention in particular that the value of

IIltO((g, U), 1K,r) = <T1K®1K,TAZ(U)O7 Fg>
Nz 2
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(note the change from 1k <, to 1k, here) has a particularly clean formula that seems worth
mentioning. We phrase this entirely based on the quantities in the geometric side to keep in

self-contained.

Theorem 15.7.1 (Int°((g,u), 1x,)). Let r > 1 and v(Nmu) > 0 for u € V5, and let
g=X" € U(Vy)

where v(A) = 0. Then

<T1K®1K’TAZ(’U,)O ) Fg>

Nao
18 equal to
)
(C+1)g"N +(C+2)d" 1 if v(Nmu) —r =v(a—a) <v(f)
2N if v(B) +r < min(v(Nmu), v(a — &) +r)
qu +gN ! otherwise
where

N = min(v(Nmu),v(8) +r,v(ae — &) + 1)

and we write

C=vp)—vie—a)>0
in the first case.

Proof. Recall that

(_1)r+v(c)
GK(r,v(b),v(c),v(e),v(d —a)) = g (8 Orb(r,v(b),v(c),v(e),v(d — a))
+ 0 Orb(r,v(b),v(c),v(e) — 1,v(d — a)))
(_1>r—1+v(c)

GK(r — 1,v(b),v(c),v(e),v(d — a)) = (8 Orb(r — 1,v(b),v(c),v(e),v(d — a))

log q
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—90rb(r — 1,v(b),v(c),v(e) — 1,v(d — a)))

when we subtract we obtain that

(_1)r+v(c)
log ¢
+ 0 Orb(r — 1,v(b),v(c),v(e),v(d — a))

Int°((g,u),1x,) = (8 Orb(r,v(b),v(c),v(e),v(d — a))
— 0 Orb(r,v(b),v(c),v(e) — 2,v(d — a))

+ 0 Orb(r — 1,v(b),v(c),v(e) — 2,v(d — a))).

Gathering the first two terms lets us apply the simpler formula Corollary 1.3.3 twice; doing

so gives

Into((g’u)’ ]—K,r) = ((qN + qN_l + -+ 1) + C(]N + C/qN_1>

- ((qNb +gV T 1)+ O (C’)quu)

where N, C, C’ are is in Corollary 1.3.3, and N°, C*, (C")’ are the same quantities with v(e)
replaced by v(e) — 2. Let 3 and s’ = » — 2 be also as in Corollary 1.3.3.

We consider cases now.

e Suppose first v(e) < % +r and v(e) < v(d —a) +r. Then N = v(e) and

N’ =wv(e) —2and C = C' = (C°) = (C')’* = 0, Hence in this case we have
Int*((g,u), 1xr) = ¢" +¢" "

e Next suppose 2v(d — a) > v(b) + v(c) and consider cases on v(e). We only need to

(b)4v(c)—1 +

consider v(e) > =2
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— Ifu(e) = MQ@_I + 7+ 1 then we have

v(b) +v(c) —1
2

b) +v(c)—1
2

N = +7, N = o +r—1
and C' =1, C* =0, and C" = (C')* = 0. Consequently we get
Int°((g,u), 1g,) = 24"V
— Once v(e) > —v(bH;’(C)*l + 7+ 2 we always have N = N° = —”(bH;(C)*l +r,
C—C"=(vle) = N)—((v(e) —2) = N) =2
and C’ = (C")* = 0. Hence in this case we have

Int°((g,u), 1x,) = 24~

as well.

e Finally suppose 2v(d — a) < v(b) + v(c) and consider cases on v(e). We only need to

consider v(e) > v(d —a) + r.

— If v(e) = v(d — a) + r, then
N =v(d—a)+r, N =v(d—a)+r—2

In this case s = 0 (and s’ = —2). So C* = (C')” = 0 but we have larger terms

v(b) +v(c) —2v(d —a) —1

©= 2
o v(b) 4+ v(c) —22U(d —a)+ 1'
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Hence, we get an exceptional case

Int°((g,u), 1x,) = v(b) + v(c) —QQU(d —a)+ 1qN
v(b) +v(c) — 2v(d — a) + 3qN_1

2

+

— If v(e) = v(d — a) +r+ 1, then we have
N =v(d—a)+r, N =wv(d—a)+7r—1.

In this case 2 = 1 (and »” = —1) so we have C =0, ' =1, C* =0 = (C")* = 0.
Consequently we get

Into((g7 U), 1K,7‘) = qN + qul’

— Once v(e) > v(d — a) + 7 + 2, we always have N = N* = v(d — a) + r and
C—-C"=(C)—-(C") =1
regardless of the parity of s. Hence in this case we also get
Int*((g. ), 1rs) = ¢~ +¢" 7"

Hence, in summary we get that

Int°((g,u), 1k,

(

(C+ 1)V +(C+2)¢" !t ifv(e)—r=v(d—a)< v(b)+;(c)—1

(15.6)
=9 2¢" if —U(bHZ(C)*l +r < min(v(e),v(d —a) + 1)

gV 4 ¢Vt otherwise.
\
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where

in the first case. Then (15.6) translates via Lemma 15.1.1 into the desired claim.
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Appendix A

Sage implementations of formulas and

test cases

Below we provide Sage implementations and test suites for some of the calculations this

paper.

A.1 Orbital and Gross-Keating implementations and tests

A.1.1 Description of implemented functions
Semi-Lie orbital integral in S,(F') x V] (F)
All the formulas in Section 1.3.1 are implemented.
e 0(r, vb, vc, ve, vda) implements Theorem 1.3.1.
e delO(r, vb, vc, ve, vda) implements Corollary 1.3.2, divided by a factor of logq.

e delO_combo(r, vb, vc, ve, vda) implements Corollary 1.3.3, divided by a factor of

log q.
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Inhomogeneous orbital integral for S;(F)

The next part of the program implements the orbital integral that is alluded to in Theo-

rem 1.3.9. The parameters are those described in Lemma 5.3.3 and Lemma 5.4.1.

e The ARCH function defined in Definition 5.5.1 is implemented as ARCH(a0O, al, wil,

w2, k).

e There are some common sums appearing in the formulas Theorems 5.5.2, 5.5.7 and 5.5.10

which are implemented as follows.

— The function ARCH_sum_n(a0, al, wl, w2) implements the sum

ai
Y (T4 g+ 4 MMt ®) (—g)k e Z[¢, g).

k=ao

— The function ARCH_sum_c (a0, al, wl, w2) implements the sum

al

A[GRCF(@UMUQ)(’f)(—QS)k € Zlg°].
k=ao 041

e Using these functions, we implement 0_for_S3(r, 1, delta, lam) as the full orbital

integral for all the cases. Hence this function implements all there of Theorems 5.5.2,

5.5.7 and 5.5.10.

Derivative of the inhomogeneous orbital integral for S3(F)

We also implement functions that can compute the derivative of the orbital integral for Ss(F).
e ARCH_deriv_n(r, C, W, H) implements Lemma 7.7.1.
e ARCH_deriv_c(r, C, W, H) implements Lemma 7.7.3.

e del0_for_S3_via_arch(r, 1, delta, lam) implements @801%(7, ¢) by calling

the previous two functions, using the arguments that are mentioned in the proof of
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Theorem 11.5.1.

e del0_for_S3(r, 1, delta, lam) implements the final formula for @0 Orb(~, ¢)
detailed in Theorem 5.6.1. It is the result of directly substituting Lemma 7.7.1 and

Lemma 7.7.3 with the parameters described in the proof of Theorem 5.6.1

The geometric side

e gross_keating_sum(nl, n2) implements the sum in Proposition 14.7.1.

e GK(r, vb, vc, ve, vda) implements the sum GK(r,v(b),v(c),v(e),v(d — a)) that we

introduced in (15.1).

e clean_intersection(r, vb, vc, ve, vda) implements the right-hand side of Theo-
rem 15.7.1, although we use the argument names corresponding to the matched elements

after the translation in Lemma 15.1.1.

A.1.2 Randomized test suite

The code then implements the following tests to check correctness. These tests are randomized
tests where the parameters are randomly selected by a program which can then numerically

compute them; they do not purport to be symbolic or formal proofs of the formulas.

1. test_0 verifies that the formula Theorem 1.3.1 matches the casework described in
Chapter 9. To speed up the test, rather than symbolically comparing, it selects the

values ¢ = 17 and s = log, 1337 in comparing the sides.

Within this test, some auxiliary functions are defined.

e The function O_brute_odd(r, vb, vc, ve, vda) is a naive implementation of

the casework in Chapter 9 when 6 is odd.
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e The function 0_brute_even(r, vb, vc, ve, vda) is a naive implementation of
the casework in Chapter 9 when 6 is even (encompassing both Case 5, Case 6T

and Case 67).
. test_delO verifies that Corollary 1.3.2 matches the derivative of Theorem 1.3.1.
. test_del0_combo verifies that Corollary 1.3.3 matches a subtraction of Corollary 1.3.2.

. test_matrix_upper_triangular verifies that the important entries of the matrix in
Lemma 11.1.1 are computed correctly (that is, one indeed gets an upper triangular

matrix when looking at the relevant rows).
. test_kernel_large_r verifies Lemma 11.2.1 holds.
. test_kernel_full verifies Theorem 11.3.1 holds.

. test_0_for_S3 verifies that the formulas Theorems 5.5.2, 5.5.7 and 5.5.10 match the
casework described in Chapter 6. To speed up the test, rather than symbolically

comparing, it selects the values ¢ = 17 and s = log, 1337 in comparing the sides.

There are many subfunctions in here used for the naive implementations of the casework.

e 0_zero(r, 1, delta) implements /<y as in Proposition 7.1.1.

e The function vol_1disk(n, vxx, rho) implements lemma 2.2.1. Here the argu-

ment vxx corresponds to v(1 — &£§).

e The function vol_2disk(n, vxx, rho) implements lemma 2.2.3. Here the ar-

gument vxx1 corresponds to v(1 — £;€;) and the argument vxx2 corresponds to
U(l — 5252).

e The function gs_weight(n, m) implements the weight

- (_1)nqs(2m—n)q2n—2m <q2m<1 . q_2)>
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that occurs frequently throughout. This expression is the product of the factor
s (=1)ng*@m=m) g27=2m from Section 6.1.2 and the volume factor Vol(¢; : —v(t;) =
m) = ¢ (1 —q7%).

e The function 0_case_1_2_brute(r, 1, delta, lam=None) is a naive implemen-
tation of Case 1 and Case 2 from Chapter 6. For odd ¢, we combine it with /<, in
0_ell_odd_brute(r, 1, delta) to get a naive implemenattion of Theorem 5.5.2.

For even ¢ we instead get (together with /() is Proposition 7.3.1.

e The function 0_case_3_4_brute(r, 1, delta, lam) is a nalve implementation
of Case 3T, Case 37, Case 4" and Case 4" (asserting it never occurs) from
Chapter 6. Putting all the cases together gives 0_ell_odd_brute(r, 1, delta,

lam) which is a naive implementation of Theorem 5.5.7.

e The function 0_ell_neg_brute(r, 1, delta, lam) is a separate naive imple-
mentation of Theorem 5.5.10. It re-does the cases separately in the same was as

this paper rather than using the previous brute-force implementation.

8. test_delO_for_S3_via_arch verifies that the derivatives of the formulas in Theo-
rems 5.5.2, 5.5.7 and 5.5.10 match those predicted by Lemma 7.7.1 and Lemma 7.7.1.

Hence it can be thought of as a verification of those two lemmas.
9. test_del0_for_S3 verifies Theorem 5.6.1.
10. test_ker_for_S3 verifies Theorem 11.5.1.
11. test_GK_to_orbital verifies Theorem 15.5.1.

12. test_clean_intersection verifies Theorem 15.7.1.

A.1.3 Code listing
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© ®© N O G AN W N =

I
A W N R O

15

16
17
18
19
20
21

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

import argparse
import unittest

q = Var("q”)
gs = var("q_s") # = q”s

def irange(start, stop):
return range(start, stop + 1)

def print_coeffs(expression) -> None:
If you’re working in a Juptyer notebook, and you have a polynomial
in g and gs,
you can use this utility function to print out the coefficients of
q~s each on their
own line.

:param expression: The polynomial to be pretty-printed
nmnn

if expand(expression) ==

show (0)
else:
for ¢ in expand(expression).coefficients(qs, sparse=True):
show(c[1], "." * 10, c[0])

# Semi-Lie Orbital and its derivatives
def 0(xr, vb, vc, ve, vda):
assert vb % 2 !'=vc % 2, (vb, vc)
assert r >= 0, r
assert vb + vc >= 0, (vb, vc)

S =0
for k in irange(-vb - r, 2 *x ve + vc + r):
n = min(

&k + (vb + 1)) // 2,
(2 xve +vec+r1 -k)// 2,
ve,
min((vb + vc) // 2, vda) + r,

)

S += (-gs) ** k * sum([g**i for i in irange(0, n)])

if vda < ve - r and vb + vc > 2 * vda:
for k in irange(2 * vda - vb + r, 2 * ve + vc - 2 * vda - r):
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43 c =min(k - (2 * vda - vb + r), 2 * ve + vc - 2 *x vda - r -
k, ve - vda - r)

44 S +=q ** (vda + r) * (-gs) ** k *x c

45 return S

46

47

48| def delO(r, vb, vc, ve, vda):

49 assert r >= 0, r

50 assert vb + v¢ >= 0 and vb % 2 '= vc % 2, (vb, vc)

51 varkappa = ve - vda - r

52 N = min(ve, floor((vb + vc) // 2 + r), vda + r)

53 j = var("j")

54 S = sum(g**j * (floor((2 * ve + vb + ve + 1) / 2) +r - 2 % j), j,
0, N)

55

56 if varkappa >= 0 and vb + vc > 2 * vda:

57 if varkappa % 2 == 0:

58 S += q ** (vda + r) * (-varkappa / 2)

59 else:

60 S += q ** (vda + r) * (varkappa / 2 - (ve + (vb + vc) / 2 -

2 * vda - r))
61 return (-1) ** (r + vc) * S
62

63
64 |def delO_combo(r, vb, vc, ve, vda):

65 assert r >= 1

66 N = min(ve, (vb + vc) // 2 + r, vda + 1)

67 j = var("j")

68 S = sum(g**j, j, 0, N)

69

70 if ve >= vda + r and vb + vc > 2 * vda:

71 assert N > 0

72 if (r + ve + vda) % 2 ==

73 C=((ve -r -vda) // 2

74 else:

75 C=(ve+vb+vc-1r-3=%wvda) // 2
76 S +=C x gxxN + (C + 1) *x q ** (N - 1)

77

78 elif 2 * vda > vb + vc and ve >= (vb + vc) // 2 + r:
79 C=ve -1 - (vb +vc) // 2

80 S += C * g**N

81

82 else:

83 pass

84
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85 return (-1) *x (r + vc) * S

86

87

sg|# Formulas for the group AFL on S3(F)

g9|def ARCH(a0, al, wl, w2, k):

90 assert a0 <= al

91 assert wl + w2 <= (al - a0) / 2

92 assert a0 <= k <= al

93

94 if a0 <= k <= a0 + wil:

95 return k - a0

96 elif a0 + wl <= k <= a0 + wl + w2:

97 return wl + floor((k - (a0 + wl)) / 2)
98 elif a0 + wl + w2 <= k <= al - (wl + w2):
99 return wi + floor(w2 / 2)

100 elif al - (w1l + w2) <=k <= al - wil:

101 return wil + floor(((al - wl) - k) / 2)
102 elif al - wl <= k <= al:

103 return al - k

104 else:

105 raise ValueError

106

107

108 |def ARCH_sum_n(a0, al, wl, w2):

109 j = var("j")

110 S=0

111 for k in irange(al, al):

112 S += sum(g**j, j, O, ARCH(aO, al, wil, w2, k)) * (-gs) ** k
113 return S

114

115

116 |def ARCH_sum_c(a0, al, wl, w2):

117 S =0

118 for k in irange(a0, al):

119 S += ARCH(aO, al, wl, w2, k) * (-gs) **x k
120 return S

121

122

123|# Orbital for S3

124|def 0O_for_S3(r, 1, delta, lam):

125 if 1% 2==1:

126 assert lam == 1, (1, lam)

127 else:

128 assert 1 < lam, (1, lam)

129 if 1 < 0 or delta < 0:
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130 assert 1 == delta and 1 % 2 == 0, (1, delta)

131 else:

132 assert 1 <= 2 * delta, (1, delta)

133

134 S=0

135 if 1% 2 ==

136 return ARCH_sum_n(-2 * r, 2 * delta + 1 + 2 *xr, r, 1)

137 elif 1 % 2 == 0 and 1 >= 0:

138 n_sum = ARCH_sum_n(-2 * r, 2 *x delta + lam + 2 x r, r, 1)

139 c_sum = ARCH_sum_c(

140 1 -r, 2 % delta + lam - 1 + r, delta - 1 / 2, min(lam - 1

-1, 2 x 1)

141 )

142 return n_sum + q ** (r + 1 / 2) * c_sum

143 else:

144 assert (avd := -1 / 2) > 0 # avd := abs(vd)

145 if r < avd:

146 return O

147 n_sum = ARCH_sum_n(-2 * r, lam + 2 * (r - 2 * avd), r - avd, 0)

148 c_sum = ARCH_sum_c(-r - avd, lam + r - 3 * avd, 0, min(lam - 1,
2 % (r - avd)))

149 return n_sum + q ** (r - avd) * c_sum

150

151
152 |# Derivatives of the orbital integral
153|def ARCH_deriv_n(r, C, W, H):

154 j = var("j")

155 assert W > 4 x H >= 0, (W, H)

156 assert W% 2 ==1, W

157 return -(

158 (1) *x (r + C) *x sum(((W + 1) / 2+ 1 - 2 % (j - 1)) * q*xj,
j, r+1, r + H

159 + sum((-1) *x (j +C) * ((W+ 1) / 2+ 2% 1r - j) *x gxxj, j, 0,
r)

160 )

161

162

163 |def ARCH_deriv_c(r, C, W, L):

164 k = var("k")

165 assert L >= 1, L

166 assert W >= 0, W

167 assert L % 2 ==1, L

168 return (-1) *x (r + W + C) * (

169 W/2-OL-1)/2*«xrif W% 2=0¢else -(W+1L)/2- (L +
1) / 2 xr
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170 )

171

172

173|def delO_for_S3_via_arch(r, 1, delta, lam):

174 if 1% 2 ==1:

175 assert lam == 1, (1, lam)

176 else:

177 assert 1 < lam, (1, lam)

178 if 1 < 0 or delta < 0O:

179 assert 1 == delta and 1 % 2 == 0, (1, delta)

180 else:

181 assert 1 <= 2 * delta, (1, delta)

182

183 if 1% 2==1:

184 return ARCH_deriv_n(r, C=0, W=l + 2 * delta, H=(1 - 1) / 2)

185 elif 1 >= 0:

186 n_sum = ARCH_deriv_n(r, C=0, W=lam + 2 * delta, H=1 / 2)

187 c_sum = ARCH_deriv_c(r, C=0, W=delta - 1 / 2, L=lam - 1)

188 return n_sum + q ** (r + 1 / 2) * c_sum

189 else:

190 assert (avd := -1 / 2) > 0 # avd := abs(vd)

191 if r < avd:

192 return O

193 n_sum = ARCH_deriv_n(r - avd, C=-2 * avd, W=lam, H=0)

194 c_sum = ARCH_deriv_c(r - avd, C=0, W=0, L=lam)

195 return n_sum + q ** (r - avd) * c_sum

196

197

198 |def delO_for_S3(r, 1, delta, lam):

199 if 1% 2==1:

200 assert lam == 1, (1, lam)

201 else:

202 assert 1 < lam, (1, lam)

203 if 1 < 0 or delta < 0:

204 assert 1 == delta and 1 % 2 == 0, (1, delta)

205 else:

206 assert 1 <= 2 * delta, (1, delta)

207

208 j =var("j")

209 if 1% 2 ==

210 S = (-1) *x (r + 1) * sum(

211 (L +2*delta+1) / 2+ 3 x1 - 2% j) *xqg¥xj, j, r +1,
r+1-1)/2

212 )

213 S += sum(
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214

215
216
217
218
219

220
221
222
223
224
225
226
227

228
229
230
231
232
233
234

235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254

(1) *x (j + 1) x ((L +2 *xdelta+1) / 2+ 2*71 - j) *
q**j’ j’ O’ r
)
return S
elif 1 >= O:
frac = (lam + 2 * delta + 1) / 2
S=(-1) *x (r + 1) * sum((frac + 3 * r - 2 *x j) *x g**j, j, r +
1, r+1/ 2)
S += sum((-1) **x (j + 1) * (frac + 2 x r - j) * g**xj, j, 0, r)
S += (
(-1) #* (r + delta - 1/ 2)
x g xx (r +1/ 2)
* (
(delta -1/2) /2-(lam-1-1) /2 *r
if (delta - 1//2) %2 ==20
else -(delta - 3 *x 1/ 2+ lam) /2 - (lam - 1 + 1) / 2
T
)
)
return S
else:
assert (avd := -1 / 2) > 0 # avd := abs(vd)
t =r - avd # top-level exponent (if t < O, then S = 0)
S =sum((-1) ** (j + 1) * ((Qam + 1) / 2 + 2 * t - j) * q¥*j,
j, 0, t)
S += (1) *x (t + 1) *x (lam - 1) / 2 * max(t, 0) * g**t
return S
# Geometric side --- Gross-Keating and friends
def gross_keating_sum(nl, n2):
j = var("j")
assert 0 <= nl <= n2
if n1 % 2 ==
return sum((nl + n2 - 4 % j) * g**j, j, 0, (n1 - 1) / 2)
else:
S = sum((nl + n2 - 4 *x j) * g**xj, j, 0, n1 / 2 - 1)
S+= (@2 -n1+1) /2*xq "~ (1l /2
return S

def GK(r, vb, vc, ve, vda):
assert r >= 0
assert vb + v¢ >= 0 and vb % 2 !'= vc % 2
VXX = 2 * ve
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255 vxy = r + vda + ve

256 vdet = 2 x r + 2 x ve + vb + vcC

257 vyy = min(2 * vxy, vdet) - vxx

258

259 return gross_keating_sum(min(vxx, vxy, vyy), vdet - min(vxx, vxy,
vyy))

260

261

262 |def clean_intersection(r, vb, vc, ve, vda):

263 vbeta = (vb + vc - 1) / 2

264 N = min(ve, vbeta + r, vda + r)

265 C = vbeta - vda

266 if ve - r == vda <= vbeta:

267 return (C + 1) * gx*N + (C + 2) *x g *x (N - 1)

268 elif vbeta + r < min(ve, vda + r):

269 return 2 * qxxN

270 else:

271 return gx*N + g *x (N - 1)

272

273

274 | class RandThesisTest (unittest.TestCase):

275 def get_semi_lie_params(self, r_min=0, r_max=15):

276 params = {

277 "r': randint(r_min, r_max),

278 "vb": randint (-5, 15),

279 "vda'": randint (0, 15),

280 "ve": randint (0, 15),

281 b

282 params["vc"] = randrange(l - params['vb"], 15, 2)

283 assert params["vb"] % 2 != params["vc"] % 2

284 assert params["vb"] + params["vc"] >= 0

285 return params

286

287 def test_0(self):

288 params = self.get_semi_lie_params()

289

290 def 0O_brute_odd(r, vb, vc, ve, vda):

291 assert vb % 2 !'=vc % 2, (vb, vc)

292 assert vda >= 0, vda

293 assert r >= 0, r

294 assert vda * 2 > vb + vc, (vda, vb, vc)

295

296 voffset = vda - vc

297 S =0

298

298




299 for n2 in irange(0, ve):

300 for nl in irange(n2 - vb - r, n2 + vc + r):
301 rhol = max(-nl, -r - vc)

302 rho2 = ceil((n2 - nl1 - vc - 1) / 2)
303 if voffset < min(rhol, rho2):
304 continue

305 else:

306 S += (

307 q ** (n2 - nl)

308 x q *x (-max(rhol, rho2))
309 * (-1) *x (nl1 + n2)

310 * gs *x* (nl + n2)

311 )

312 return S

313

314 def O_brute_even(r, vb, vc, ve, vda):

315 assert vb % 2 !'=vc % 2, (vb, vc)

316 assert vda >= 0, vda

317 assert r >= 0, r

318 assert vda * 2 < vb + vc, (vda, vb, vc)
319 theta = vda * 2

320 vt = theta // 2 - vc

321

322 S=0

323

324 for n2 in irange(0, ve):

325 # Case 5

326 for m in irange(O, theta + 2 * r):
327 nl =n2 +vc+r -m

328 S += (

329 q ** (m - max(m - n2, ceil(m / 2)))
330 * (-1) ** (nl1 + n2)

331 * gs ** (nl + n2)

332 )

333

334 # Case 6+/6-

335 center_plus = vb - theta // 2

336 center_minus = theta // 2 - vc

337

338 for m in irange(

339 theta + 2 x r + 1,

340 max(n2 + vc + r, 2 *x vc + 2 * r + vt) + center_plus,
341 DE:

342 nl =n2 +vc+r -m

343 rhol = max(m - n2, 0) - vc - r
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344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370

371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387

rho2 =m - 2 *x vc - 2 *x r - vt
if center_plus >= min(rhol, rho2):
S += (
q ** (n2 - nl)
*x q ** (-max(rhol, rho2))
x (-1) ** (nl + n2)
* gs ** (nl + n2)

)
if center_minus >= min(rhol, rho2):
S += (
q ** (n2 - ni)
* q *x (-max(rhol, rho2))
* (-1) **x (nl + n2)
* gs *xx (nl + n2)
)

return S

brute_res = (
0_brute_odd (**params)
if params["vb"] + params["vc"] < 2 * params["vda"]
else O_brute_even(**params)

orb = 0(**params)

self.assertEqual (orb.subs(q_s=1), 0)

self.assertEqual (brute_res.subs(q=17, q_s=1337), orb.subs(q=17,
q_s=1337))

def test_delO(self):
params = self.get_semi_lie_params()
self.assertEqual(
delQ(x*params) ,
derivative (0(**params), gs).subs(q_s=1),

def test_delO_combo(self):
params = self.get_semi_lie_params(r_min=1)
r = params.pop('r")
self.assertEqual(
del0(r, **params) + delO(r - 1, **xparams),
del0_combo(r, **params),

def test_matrix_upper_triangular(self):
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388
389
390
391
392
393
394
395
396
397
398
399

400
401
402
403
404

405

406
407
408
409
410
411
412
413

414
415
416

417
418
419
420
421
422
423

424
425
426

N=7

params = self.get_semi_lie_params(r_min=0, r_max=N)

del params['"ve"]

del params["r"]

vb, vc, vda = params["vb"], params["vc"], params["vda"]
theta = min(vb + vc, 2 * vda)

# Here MO = M, M1 = M’, M2 = M?’
MO = matrix(

[
vector(
(-1) *x (r + vc) * delO(r, vb, vc, i, vda) for r in
range(0, N + 1)
)
for i in irange(0, N + theta // 2 + 1)
]

)

M1 = matrix([MO[0]] + [MO[i + 1] - MO[i] for i in
range (MO.nrows() - 1)])

M2 = matrix([M1[0], M1[1]] + [M1[i + 2] - M1[i] for i in
range (M1.nrows() - 2)1)

for r in range(0, N + 1):
t = r + theta // 2
for i in irange(t + 2, N + theta // 2 + 1):
self.assertEqual (M2[i] [r], 0)
C=((b+vc-1-2x*vda) /2
if theta % 2 ==
self.assertEqual (M2[t + 1] [r], g**t - (q **x (¢t - 1) if
t > 0 else 0))
else:
self.assertEqual(
M2[t + 1][r], -C * g*x*xt - (C + 1) * (q **x (t - 1) if
t > 0 else 0)

def test_kernel_large_r(self):
params = self.get_semi_lie_params(r_min=2)
r = max(params.pop("r"), params['"ve"] + 2)
self.assertEqual(
delO(r, **params) + 2 * delO(r - 1, *xparams) + delO(r - 2,
x*params), O

def test_kernel_full(self):
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def

def

params = self.get_semi_lie_params(r_min=5)

vb, vc, vda, ve = params["vb"], params["vc"], params["vda"],
params ["ve"]

r = params.pop('r")

def delPhi(r):
return (
delQO(r, **params)
+ delO(r - 1, **params)
- g**2 * delO(r - 2, **params)
- g**2 * delO(r - 3, **params)

left_bound = ve - min((vb + vc - 1) / 2, vda) + 2

right_bound = left_bound + 2

expr = expand(delPhi(r) + (q + 1) * delPhi(r - 1) + g *
delPhi(r - 2))

if not left_bound <= r <= right_bound:
self.assertEqual (expr, 0)

# in fact I think the following is the exact criteria for it to
be nonzero

# although I don’t claim this in the paper

# but we’ll put it in the test case just for kicks

elif left_bound <= r <= right_bound - 1:
self.assertNotEqual (expr, 0)

elif r == right_bound - 1 and vb + vc < 2 * vda:
self.assertNotEqual (expr, 0)
elif r == right_bound - 1 and vb + vc >= 2 * vda:

self.assertEqual (expr, 0)

get_S3_params(self, r_min=0, r_max=10):
1 = randint(-5, 10)
if 1 < 0:

1 x= 2

params = {
"r': randint(r_min, r_max),
"1t 1,
"lam": 1 if 1 % 2 == 1 else randrange(max(0, 1 + 1 % 2) +
1, 17, 2),
"delta": 1 if 1 < 0 else randint((1 + 1) // 2, 10),
+

return params

test_0_for_S3(self):
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468 # Brute force auxiliary functions for the inhomogeneous group
AFL orbital

469 def O_zero(r, 1, delta):

470 j = var("j")

471 return sum(qs ** (2 * j), j, -r, delta + r)

472

473 def vol_1disk(n, vxx, rho):

474 assert n >= 1 and n >= rho

475 if vxx < rho:

476 return 0O

477 elif rho <= O:

478 return q ** (-n) * (1 - q *x (-2))

479 else:

480 return q ** (-(n + rho)) * (1 - g ** (-1))

481

482 def vol_2disk(n, vxxl, vxl12, rhol, rho2):

483 assert rhol >= rho2

484 assert n >= 1 and n >= rhol

485

486 if vxxl >= rhol and vx12 >= rho2:

487 return (

488 q ** (-(n + rhol)) * (1 - g **x (-1))

489 if rhol >= 1

490 else q ** (-n) * (1 - q *x (-2))

491 )

492 else:

493 return O

494

495 def gs_weight(n, m):

496 kappa = 1 / ((1 - g *x (-1)) * (1 - q **x (-2)))

497 return (

498 kappa

499 * (-1) ** n

500 * gqs ** (2 * m - n)

501 x q k% (2 xn - 2 % m)

502 x g *xx (2 % m)

503 x (1 - g *x (-2))

504 )

505

506 def O_case_1_2_brute(r, 1, delta, lam=None):

507 assert 0 <=1 <= 2 * delta, (1, delta)

508 assert r >= 0, T

509 if lam is None:

510 assert 1 % 2 ==

511 lam = 1
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else:
assert 1 % 2 ==

S =20
for n in irange(l, 1 + r):
for m in irange(n - r, n + delta + r):
r.n =ceil((n - r) / 2)
rm=m - delta - r
if r n >= r_m:
S += vol_2disk(
n, vxxl=min(l, delta), vx12=ceil(1l / 2),
rhol=r_n, rho2=r_m
) * gs_weight(n, m)
else:
S += vol_2disk(
n, vxxl=lam, vxl12=ceil(l / 2), rhol=r_m,
rho2=r_n
) * gs_weight(n, m)
return S

def 0_ell_odd_brute(r, 1, delta):
return 0_zero(r, 1, delta) + O_case_1_2_brute(r, 1, delta)

def O_case_3_4_brute(r, 1, delta, lam):
assert 0 <=1 <= 2 * delta, (1, delta)
assert r >= 0, T
assert 1 % 2 ==0, 1
assert lam % 2 == 1, lam

INFINITY = abs(r) + abs(l) + abs(delta) + abs(lam) + 1

S=20
for n in irange(l + r + 1, INFINITY):
for m in irange(n - r, n + delta + r):
rn=n-1/2-r
m - delta - r

r_m

# Case 3+ and 4+
if r n > r_m: # Case 3+
S += vol_2disk(
n,
vxxl=lam + delta - 1,
vxl2=lam - 1 / 2,
rhol=r_n,
rho2=r_m,
) * gs_weight(n, m)
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555 else: # Case 4+

556 S += vol_2disk(

557 n,

558 vxxl=lam,

559 vxl2=lam - 1 / 2,
560 rhol=r_m,

561 rho2=r_n,

562 ) * gs_weight(n, m)
563

564 # Cases 3- and 4-

565 if rn > r_m: # Case 3-
566 S += vol_2disk(

567 n,

568 vxxl=delta,

569 vx12=1 / 2,

570 rhol=r_n,

571 rho2=r_m,

572 ) * gs_weight(n, m)
573 else: # Case 4-

574 assert (

575 vol_2disk(

576 n,

577 vxxl=lam,

578 vxi2=1 / 2,
579 rhol=r_m,

580 rho2=r_n,

581 )

582 ==

583 )

584

585 return S

586

587 def 0_ell_even_brute(r, 1, delta, lam):
588 return (

589 O_zero(r, 1, delta)

590 + O_case_1_2_brute(r, 1, delta, lam)
591 + O_case_3_4_brute(r, 1, delta, lam)
592 )

593

594 def 0_ell_neg_brute(r, vb, lam):
595 assert r >= 0

596 assert vb < 0

597 assert lam % 2 ==

598 1 =2x%vb

599 delta = 2 * vb
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INFINITY = abs(r) + abs(l) + abs(delta) + abs(lam) + 1

S =20
for n in irange(1, INFINITY):
for m in irange(n - r, n + delta + r):
ifn<=1+ r:
S += vol_1disk(n, vxx=lam, rho=m - delta - r) *
gs_weight(n, m)
elif n>1+ r:
rthol =max(n -1/ 2 - r, m - delta - r)
rtho2 = min(n -1/ 2 - r, m - delta - r)
S += vol_2disk(
n, vxxl=lam, vxl2=lam, rhol=rhol, rho2=rho2
) * gs_weight(n, m)

return S + 0O_zero(r, 1, delta)

params = self.get_S3_params()
1 = params["1"]
orb = 0_for_S3(**params)
if 1 < O0:
brute_res = 0_ell_neg_brute(r=params["r"], vb=1 // 2,
lam=params["lam"])
elif 1 % 2 ==
brute_res = 0_ell_even_brute (**params)
elif 1 % 2 == 1:
del params["lam"]
brute_res = 0_ell_odd_brute (**params)

self.assertEqual (orb.subs(q_s=1), 0)
self.assertEqual (brute_res.subs(q=17, q_s=1337), orb.subs(q=17,
q_s=1337))

def test_delO_for_S3_via_arch(self):
params = self.get_S3_params()
self.assertEqual(
derivative(O_for_S3(x*params), gs).subs(q_s=1),
del0_for_S3_via_arch(**params),

def test_delO_for_S3(self):
params = self.get_S3_params()
self.assertEqual(delO_for_S3_via_arch(**params),
delO_for_S3(**params))
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def test_ker_for_S3(self):
params = self.get_S3_params(r_min=3)
1 = params["1"]
r = params.pop('r")
deriv = (
(delO_for_S3(r, **params) - delO_for_S3(r - 1, **params))
+ 2 % q * (delO_for_S3(r - 1, **params) - delO_for_S3(r -
2, **params))
+ gq**2 *x (delO_for_S3(r - 2, **params) - delO_for_S3(r - 3,
*x*params) )

)
if 1 < O0:
if r < -1// 2:
self.assertEqual (deriv, 0)
elif r >= -1 // 2 + 3:
self.assertEqual(deriv, -2 * q - 2)
else:

self.assertEqual(deriv, -2 * q - 2)

def test_GK_to_orbital(self):
params = self.get_semi_lie_params(r_min=1)
omega = (-1) ** (params["r"] + params["vc"]) # transfer factor
ve = params.pop('ve"
self.assertEqual(
omega * (delO(ve=ve, **params) + delO(ve=ve - 1, **params)),
GK(ve=ve, **params),

def test_clean_intersection(self):

params = self.get_semi_lie_params(r_min=1)

if params['"ve"] == 0:
params["ve"] += 1

r, vb, vc, ve, vda = (
params["r"],
params["vb"],
params["vc"],
params["ve"],
params["vda"],

)

self.assertEqual(
(GK(r, vb, vc, ve, vda) - GK(r - 1, vb, vc, ve, vda))
- (GK(r, vb, vc, ve - 1, vda) - GK(r - 1, vb, vc, ve - 1,

vda)),

clean_intersection(**params),
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if

__name__ == "__main__

parser = argparse.ArgumentParser(
"checkthesis",
description="Checks the formulas in Evan’s thesis for
consistency",
)
parser.add_argument (
"--trials", default=5, type=int, help="Number of trials to run."
)
parser.add_argument ("--seed", type=int, help="Random seed passed
to Sage")
parser.add_argument ("--failfast", action="store_true", help="Stop
on 1st failure.")
group = parser.add_mutually_exclusive_group()
group.add_argument ("--verbose", action="store_true", help='"Set
verbosity to 2.")
group.add_argument ("--quiet", action="store_true", help="Set
verbosity to 0.")
parser.add_argument (
"--test",
default="",
type=str,
help="The name of a specific test to run (if empty, runs all).",
)
args = parser.parse_args()
if args.verbose is True:
verbosity = 2
elif args.quiet is True:
verbosity = 0
else:
verbosity = 1

suite = unittest.TestSuite()
loader = unittest.TestLoader()
if args.seed:
set_random_seed(args.seed)
print (£"Using random seed {initial_seed()}")
for _ in range(args.trials):
if args.test:
suite.addTest (RandThesisTest(args.test))
else:

suite.addTest (loader.loadTestsFromTestCase(RandThesisTest))
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722 runner = unittest.TextTestRunner(failfast=args.failfast,
verbosity=verbosity)
723 runner.run(suite)

A.2 Quaternion implementations and tests

As an afterthought we also provide the following short self-contained file verifying the

quaternion calculations done in Chapter 14. Unlike the previous code, it is symbolic.

1|import unittest
2
3
4|def show_quaternion(expr, **kwargs) -> None:
5 """If you’re using a Jupyter notebook you can use this utility
function to
6 pretty-print the four coefficients of the quaternion, each on its
own line.
:param expr: the quaternion to print
:param **kwargs: passed to c.subs for each of the four
coefficients c
10 e
11 coeffs = [c.subs(**kwargs) for c in expr.coefficient_tuple()]
12 if coeffs[1] == 0 and coeffs[2] == 0 and coeffs[3] == 0:
13 show(coeffs[0])
14 else:
15 show(1l, "." *x 12, coeffs[0])
16 show(LatexExpr(r"\sqrt{\epsilon}"), "." * 10, coeffs[1])
17 show(LatexExpr(r"\Pi"), "." % 11, coeffs[2])
18 show(LatexExpr (r"\sqrt{\epsilon}\Pi"), "." * 9, coeffs[3])
19
20
21 |def project_to_trace_zero(expr):
22 return expr - expr.coefficient_tuple() [0]
23
24
25|def hermitian_form(x, y):
26 coeffs = (x * y.conjugate()).coefficient_tuple()
27 return coeffs[0] + coeffs[1] * sqrt_eps
28
29
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def symmetric_form(x, y):
return (x * y.conjugate() + y * x.conjugate()) / 2

# Variables
R = QQ[”SO”, “Sl”, ”tO”, ”tl”, l|aOII, Ilalﬂ, IlbOIl’ Ilblll’ l|epsll’ ”Varpi”,

”ZO” s ”Zl”]
s0, s1, t0, t1, a0, al, b0, bl, eps, varpi, z0, z1 = R.gens()
DD = QuaternionAlgebra(Frac(R), eps, varpi, names=("sqrt_eps", "Pi",

"sqrt_eps_Pi"))
sqrt_eps, Pi, sqrt_eps_Pi = DD.gens()

# Main variables

alpha = a0 + al * sqrt_eps
beta = b0 + bl * sqrt_eps

s = s0 + sl * sqrt_eps

t = t0 + t1 * sqrt_eps
lam_inv = z0 + zl1 * sqrt_eps

# Their conjugates

alphac = a0 - al * sqrt_eps
betac = b0 - bl * sqrt_eps

sc = s0 - sl * sqrt_eps

tc = t0 - t1 * sqrt_eps
lamc_inv = z0 - zl * sqrt_eps

r = 100

# The pair (g,u)
def g(x):
return lam_inv * x * (alpha + beta * Pi)

u=s+t *x Pi

# Derived quantities

uu = hermitian_form(u, u)

x = project_to_trace_zero(u.conjugate() * sqrt_eps * u)

y = project_to_trace_zero(varpi ~ r * (alpha + beta * Pi))
xx = symmetric_form(x, x)

xy = symmetric_form(x, y)

yy = symmetric_form(y, y)
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73

74| class QuaternionTestCase(unittest.TestCase):

75 def assertQtrnsEqualWhen(self, exprl, expr2, **kwargs):

76 coeffsl = [c.subs(**kwargs) for c in exprl.coefficient_tuple()]

77 coeffs2 = [c.subs(**kwargs) for c in expr2.coefficient_tuple()]

78 for i in range(4):

79 self.assertEqual(coeffsi[i], coeffs2[i])

80

81 def assertQtrnsEqual(self, exprl, expr2):

82 self.assertQtrnsEqualWhen(exprl, expr2, s0=0, s1=0)

83 self.assertQtrnsEqualWhen(exprl, expr2, t0=0, t1=0)

84

85 def assertQtrnsEqualExactly(self, exprl, expr2):

86 self.assertQtrnsEqualWhen(exprl, expr2)

87

88 def test_uu(self):

89 self.assertQtrnsEqualExactly(uu, s * sc - t * tc * varpi)

90

91 def test_gu_u(self):

92 self.assertQtrnsEqualWhen(

93 hermitian_form(g(u), u), lam_inv * alphac * uu, s0=0, s1=0

94 )

95 self.assertQtrnsEqualWhen (

96 hermitian_form(g(u), uw), lam_inv * alpha * uu, t0=0, t1=0

97 )

98

99 def test_x(self):

100 self.assertQtrnsEqual(x, (s * sc + t * tc * varpi) * sqrt_eps)

101

102 def test_xx(self):

103 self.assertQtrnsEqual (xx, -eps * uu**2)

104

105 def test_xy(self):

106 self.assertQtrnsEqual(xy, -varpi ~ r * al * eps * (s * sc + t *
tc * varpi))

107

108 def test_yy(self):

109 self.assertQtrnsEqual(

110 yy, varpi ~ (2 * r) * (-(al*x2) * eps - beta * betac *

varpi)

111 )

112

113 def test_det(self):

114 self.assertQtrnsEqual(

115 XX % Jy - Xy**2,
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116 eps * uu ~ 2 x varpi ~ 200 * (varpi * beta * betac),
117 )

118

119

120|1if __name__ == "__main__":
121 unittest.main()
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