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This is an compilation of solutions for the 1996 USAMO. Some of the
solutions are my own work, but many are from the official solutions provided
by the organizers (for which they hold any copyrights), and others were found
on the Art of Problem Solving forums.

Corrections and comments are welcome!
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§0 Problems

1.

2.

Prove that the average of the numbers nsinn® for n = 2,4,6,...,180 is cot 1°.

For any nonempty set S of real numbers, let o(S) denote the sum of the elements
of S. Given a set A of n positive integers, consider the collection of all distinct
sums o(5) as S ranges over the nonempty subsets of A. Prove that this collection
of sums can be partitioned into n classes so that in each class, the ratio of the
largest sum to the smallest sum does not exceed 2.

. Let ABC be a triangle. Prove that there is a line ¢ (in the plane of triangle ABC')

such that the intersection of the interior of triangle ABC and the interior of its
reflection A’B'C’ in ¢ has area more than  the area of triangle ABC.

. An n-term sequence (z1,z2,...,Ty,) in which each term is either 0 or 1 is called a

binary sequence of length n. Let a, be the number of binary sequences of length
n containing no three consecutive terms equal to 0, 1, 0 in that order. Let b, be
the number of binary sequences of length n that contain no four consecutive terms
equal to 0, 0, 1, 1 or 1, 1, 0, 0 in that order. Prove that b,4+1 = 2a, for all positive
integers n.

. Let ABC be a triangle, and M an interior point such that /M AB = 10°, /M BA =

20°, ZMAC = 40° and ZMCA = 30°. Prove that the triangle is isosceles.

. Determine with proof whether there is a subset X C Z with the following property:

for any n € 7Z, there is exactly one solution to a + 2b = n, with a,b € X.
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§1 USAMO 1996/1

Prove that the average of the numbers nsinn® for n = 2,4,6,...,180 is cot 1°.

Because
nsinn® 4 (180 — n) sin(180° — n°) = 180 sin n°

So enough to show that
89

Z sin(2n)° = cot 1°

n=0

Let ( = cos2° 4 ¢sin2° be a primitive root. Then

89
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n=0
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Also,
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cot 1° =

So we’re done.
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§2 USAMO 1996/2

For any nonempty set S of real numbers, let o(5) denote the sum of the elements of S. Given a
set A of n positive integers, consider the collection of all distinct sums o (.S) as S ranges over the
nonempty subsets of A. Prove that this collection of sums can be partitioned into n classes so
that in each class, the ratio of the largest sum to the smallest sum does not exceed 2.

By induction on n with n = 1 being easy.
For the inductive step, assume

A={a1>a2 > - >an}.

Fix any index k with the property that

o(A
ap > ék)
(which must exist since 3 +1 4. + 2% < 1). Then
e We make k classes for the sums between Ué’,?) and o(A); this handles every set
which has any element in {ay,...,a}.
e We make n — k classes via induction hypothesis on {ag41,...,an}.

This solves the problem.
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§3 USAMO 1996/3

Let ABC be a triangle. Prove that there is a line ¢ (in the plane of triangle ABC') such that the
intersection of the interior of triangle ABC' and the interior of its reflection A’B’C” in ¢ has area

more than % the area of triangle ABC.

All that’s needed is:

Claim — If ABC is a triangle where % < ﬁ—g < 1, then the ZA bisector works.

Proof. Let the ZA-bisector meet BC' at D. The overlapped area is 2[ABD] and

[ABD] BD  AB
[ABC] ~ BC ~ AB+ AC

by angle bisector theorem. O

In general, suppose z < y < z are sides of a triangle. Then % < % < 1 by triangle
inequality as needed.
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§4 USAMO 1996 /4

An n-term sequence (x1, xa, ..., x,) in which each term is either 0 or 1 is called a binary sequence
of length n. Let a,, be the number of binary sequences of length n containing no three consecutive
terms equal to 0, 1, 0 in that order. Let b,, be the number of binary sequences of length n that
contain no four consecutive terms equal to 0, 0, 1, 1 or 1, 1, 0, 0 in that order. Prove that
bn+1 = 2a, for all positive integers n.

Consider the map from sequences of the latter form to sequences of the first form by

(ylv s 7yn+1) — (yl +Y2,y2+ Y3, ..., Yn + yn+1)-

It is 2-to-1. The end.
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§5 USAMO 1996/5

Let ABC be a triangle, and M an interior point such that /M AB = 10°, ZMBA = 20°,
IMAC = 40° and ZMCA = 30°. Prove that the triangle is isosceles.

Let 6 = ZM BC' < 80°. By trig Ceva, we get

sin10°  sinf sin 30°
sin40° sin20° sin(80° — 0)

= 1.

This simplifies to
sin @ = 4sin(80° — ) sin 40° cos 10°.

Claim — We have 0 = 60°.

Proof. The left-hand side is increasing in 6 and the right-hand side is decreasing in 6, so
at most one value of 6 works. But we also have

4 8in 20° sin 40° cos 10° = 2 (cos 20° — cos 60°) cos 10°
= 2¢0s20° cos 10° + sin 80°
= (cos30° — cos 10°) + sin 80° = cos 30°

as desired. ]
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§6 USAMO 1996/6

Determine with proof whether there is a subset X C Z with the following property: for any n € Z,
there is exactly one solution to a + 2b = n, with a,b € X.

The idea is generating functions, but extra care is required since exponents will be in
Z rather than in Z>q.
However, consider formally the limit

f(z) = H (1 + x(*4)k) .

k>0

For size reasons, this indeed converges formally to a power series, in the sense that the
coefficient of any z* is eventually zero or one for all partial sums.

We claim X = {n: [z"]f(x) = 1} works.

For a given n, we can truncate the sum at some large N again for size reasons. For
convenience assume N is even. Now set

N
In(@) =TT (14297

Next, we compute

(1+a2)(1+a2?)...(1+22"

fN(ﬂj)fN(fL'Q): ZE2+8+“'+22N_1 :"'+:U_2—|—£l?_1+1—|—33—|—x2+...

as desired.
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