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This is a compilation of solutions for the 1998 IMO. The ideas of the
solution are a mix of my own work, the solutions provided by the competition
organizers, and solutions found by the community. However, all the writing
is maintained by me.

These notes will tend to be a bit more advanced and terse than the “official”
solutions from the organizers. In particular, if a theorem or technique is not
known to beginners but is still considered “standard”, then I often prefer to
use this theory anyways, rather than try to work around or conceal it. For
example, in geometry problems I typically use directed angles without further
comment, rather than awkwardly work around configuration issues. Similarly,
sentences like “let R denote the set of real numbers” are typically omitted
entirely.

Corrections and comments are welcome!
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1

Problems

. A convex quadrilateral ABC D has perpendicular diagonals. The perpendicular
bisectors of the sides AB and C'D meet at a unique point P inside ABCD. Prove
that the quadrilateral ABCD is cyclic if and only if triangles ABP and C D P have
equal areas.

. In a competition, there are a contestants and b judges, where b > 3 is an odd
integer. Each judge rates each contestant as either “pass” or “fail”. Suppose k
is a number such that for any two judges, their ratings coincide for at most &
contestants. Prove that

k_b—-1
>
a— 2b

. For any positive integer n, let 7(n) denote the number of its positive divisors
(including 1 and itself). Determine all positive integers m for which there exists a
positive integer n such that

. Determine all pairs (z,y) of positive integers such that 2y + = + y is divisible by

zy? +y+ 7.

. Let I be the incenter of triangle ABC. Let the incircle of ABC touch the sides

BC, CA, and AB at K, L, and M, respectively. The line through B parallel to
MK meets the lines LM and LK at R and S, respectively. Prove that angle RIS
is acute.

. Classify all functions f: N — N satisfying the identity

f(n®f(m)) = mf(n)*.
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§1 Solutions to Day 1
§1.1 IMO 1998/1

Available online at https://aops.com/community/p124387.

Problem statement

A convex quadrilateral ABC'D has perpendicular diagonals. The perpendicular

bisectors of the sides AB and C'D meet at a unique point P inside ABCD. Prove
that the quadrilateral ABCD is cyclic if and only if triangles ABP and C DP have

equal areas.

If ABCD is cyclic, then P is the circumcenter, and ZAPB + ZPCD = 180°. The hard
part is the converse.

X

Let M and N be the midpoints of AB and CD.

Claim — Unconditionally, we have K NEM = LM PN.

Proof. Note that EN is the median of right triangle AECD, and similarly for EM. Hence
ANED = A{EDN = £BDC, while {AEM = LACB. Since {DFEA = 90°, by looking at
quadrilateral X DEA where X = CDNAB, we derive that {NED+ £ AEM +{DXA =
90°, so

ANEM = ANED + LAEM +90° = —{DXA=—-4ANXM = —-4{NPM

as needed. O
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However, the area condition in the problem tells us

EN CN PM
EM CM PN’

Finally, we have ZMEN > 90° from the configuration. These properties uniquely
determine the point E: it is the reflection of P across the midpoint of M N.

So EMPN is a parallelogram, and thus M E | CD. This implies { BAE = LCEM =
£LEDC giving ABCD cyclic.
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§1.2 IMO 1998/2

Available online at https://aops.com/community/p124458.

Problem statement

In a competition, there are a contestants and b judges, where b > 3 is an odd integer.
Each judge rates each contestant as either “pass” or “fail”. Suppose k is a number
such that for any two judges, their ratings coincide for at most k& contestants. Prove

that
k_b—-1
i
a2

- J

This is a “routine” problem with global ideas. We count pairs of coinciding ratings, i.e.
the number N of tuples

({Jla J2}a C)

of two distinct judges and a contestant for which the judges gave the same rating.
On the one hand, if we count by the judges, we have

N < (b>k:
2
by he problem condition.
On the other hand, if b = 2m + 1, then each contestant C contributes at least

(m)—i-(m;l) =m? to N, and so
b—1)\2
NZ“'(T)

2
Putting together the two estimates for IV yields the conclusion.
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§1.3 IMO 1998/3

Available online at https://aops.com/community/p124439.

Problem statement

For any positive integer n, let 7(n) denote the number of its positive divisors
(including 1 and itself). Determine all positive integers m for which there exists a
positive integer n such that

- J

The answer is odd integers m only. If we write n = p{*...p;* we get

2e; + 1
M-
e;+1

It’s clear now that m must be odd, since every fraction has odd numerator.

We now endeavor to construct odd numbers. The proof is by induction, in which we
are curating sets of fractions of the form 2::11 that multiply to a given target.

The base cases are easy to verify by hand. Generally, assume p = 2%k — 1 is odd, where

k is odd. Then we can write

22 — 28k +1)+1 2271 2l (k4 1)+1 2 —2(k+1)+1
221 — 21k +1)+1 222k —22(k+1)+1 2k —20(k+1)+1"°

Note that 2%k — 28 (k 4+ 1) +1 = (2'k — 1)(2" — 1), and 2k — k = k(2! — 1), so the above
fraction simplifies to
2k —1
k
meaning we just need to multiply by k, which we can do using induction hypothesis.
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§2 Solutions to Day 2
§2.1 IMO 1998/4

Available online at https://aops.com/community/p124428.

Problem statement

Determine all pairs (z,y) of positive integers such that 2%y + = + y is divisible by
oy +y+7.

The answer is (7k?,7k) for all k > 1, as well as (11,1) and (49, 1).
We are given zy? +y + 7 | 2%y + 2 + y. Multiplying the right-hand side by y gives

vy’ +y+ 7] 2%y oy +
Then subtracting x times the left-hand side gives
ot +y+ 7|y - T
We consider cases based on the sign of y? = 7x.

o If 42 > 7x, then 0 < y? — Tz < xy? + y + 7, contradiction.

o If y?2 =Tz, let y = Tk, so x = 7Tk?. Plugging this back in to the original equation
reads
343k + Tk + 7 | 343k5 + Tk* + Tk

which is always valid, hence these are all solutions.

o If y?> < Tz, then |y? — 7x| < 72, so y € {1,2}.
When y =1 we get

r+8|a? tr+1 & x+8[64—8+1=5T.

This has solutions x = 11 and =z = 49.
When y = 2

dr+9| 222+ 242
— 4x+ 91622 + 8z + 16
— 42 +9[81—-18+16="79

which never occurs.
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§2.2 IMO 1998/5

Available online at https://aops.com/community/p121417.

Problem statement

Let I be the incenter of triangle ABC. Let the incircle of ABC touch the sides

BC, CA, and AB at K, L, and M, respectively. The line through B parallel to
M K meets the lines LM and LK at R and S, respectively. Prove that angle RIS
is acute.

Observe that AM K L is acute with circumcenter I. We now present two proofs.

q First simple proof (grobber). The problem is equivalent to showing BI?> > BR - BS.
But from
ABRK ~ AMKL ~ ABLS

we conclude MK ML
BR=t-3m>  BY=tyg

where t = BK = BL is the length of the tangent from B. Hence BR - BS = t2. Since
BI >t is clear, we are done.

€ Second projective proof. Let N be the midpoint of KL, and let ray M N meet the
incircle again at P.
Note that line RBS is the polar of N. By Brokard’s theorem, lines M K and PL should
thus meet the polar of N, so we conclude R = MK N PL. Analogously, S = ML N PK.
Again by Brokard’s theorem, AN RS is self-polar, so N is the orthocenter of ARIS.
Since N lies between I and B we are done.
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§2.3 IMO 1998/6

Available online at https://aops.com/community/p124426.

Problem statement

Classify all functions f: N — N satisfying the identity

f(n?f(m)) = mf(n)*.

Let P be the set of primes, and let g: P — P be any involution on them. Extend ¢ to a
completely multiplicative function on N. Then f(n) = dg(n) is a solution for any d € N
which is fixed by g.

It’s straightforward to check these all work, since g: N — N is an involution on them.
So we prove these are the only functions.

Let d = f(1).

Claim — We have df(n) = f(dn) and d - f(ab) = f(a)f(b).
Proof. Let P(m,n) denote the assertion in the problem statement. Off the bat,
« P(1,1) implies f(d) = d?.

e P(n,1) implies f(f(n)) = d®n. In particular, f is injective.
e P(1,n) implies f(dn?) = f(n)%.

Then
f(a)?f(b)* = f(da®)f(b)? by third bullet
= f(B2f(f(da?))) by problem statement
= f(b% - d* - da?) by second bullet
= f(dab)* by third bullet
= [f(a)f(b) = f(dab).
This implies the first claim by taking (a,b) = (1,n). Then df(a) = f(da), and so we
actually have f(a)f(b) = df (ab). O

Claim — All values of f are divisible by d.

Proof. We have

3
4 _ f) () _ f(n)?!
and so on, which implies the result. O
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Then, define g(n) = f(n)/d. We conclude that g is completely multiplicative, with
g(1) = 1. However, f(f(n)) = d?n also implies g(g(n)) = n, i.e. g is an involution.
Moreover, since f(d) = d?, g(d) = d.

All that remains is to check that g must map primes to primes to finish the description
in the problem. This is immediate; since g is multiplicative and ¢g(1) = 1, if g(g(p)) = p
then g(p) can have at most one prime factor, hence g(p) is itself prime.

Remark. The IMO problem actually asked for the least value of f(1998). But for instruction

purposes, it is probably better to just find all f. Since 1998 = 2 - 33 . 37, this answer is
23.3.5 =120, anyways.

10
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